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Stably Stratified Wall-Bounded
Turbulence
Stably stratified wall-bounded turbulence is commonly encountered in many industrial
and environmental processes. The interaction between turbulence and stratification induces remarkable modifications on the entire flow field, which in turn influence the overall
transfer rates of mass, momentum, and heat. Although a vast proportion of the parameter
range of wall-bounded stably stratified turbulence is still unexplored (in particular when
stratification is strong), numerical simulations and experiments have recently developed
a fairly robust picture of the flow structure, also providing essential ground for addressing more complex problems of paramount technological, environmental and geophysical
importance. In this paper, we review models used to describe the influence of stratification on turbulence, as well as numerical and experimental methods and flow configurations for studying the resulting dynamics. Conclusions with a view on current open issues
will be also provided. [DOI: 10.1115/1.4040838]

Introduction

Turbulent stratified flows are a common occurrence in many
industrial and natural processes. Industrial processes include cooling in nuclear reactors [1], fluid motion in heat transfer equipment
[2,3], or fuel injection and combustion in gasoline engines [4].
Natural processes include the dynamics of the nocturnal atmospheric boundary layer [4,5], mixing in rivers and continental shelf
seas [6], or the transport of organic species in the ocean [7].
The problem of stratified turbulence is quite complicated.
Beyond the complexity of turbulence itself, we have to consider
the presence of buoyancy forces that do depend on local density
gradients. Fully specifying a turbulent stratified flow requires
specifying many parameters, including the flow forcing and
boundary conditions, the mean temperature gradient, and the fluid
properties like density, viscosity, thermal conductivity, thermal
expansion coefficient, and specific heat. Other factors that may be
important include concentration and salinity gradients, rotational
and multiphase flow effects, phase change, flow compressibility,
and specific dependence of the fluid properties on the local temperature and pressure field. Critical applications often involve
many of these complicating factors at once. For example, fuel
injection and combustion in gasoline engines involves strong
localized variations of fluid properties, flow compressibility, multiphase flow effects and phase change [4].
Stratified turbulence can be unbounded and homogeneous, as in
the stratosphere or in the deep ocean [8–10]. However, stratified
turbulence can be also unbounded and sheared, as for instance
when the wind blows in the atmosphere or when deep currents stir
the ocean [11–13], and finally, stratified turbulence can be
bounded and sheared, as in the terrestrial and oceanic boundary
layers [5,7,14] or in industrial applications [15]. But there is a
simple and rich problem at the core of stably stratified turbulence:
how do turbulent transport rates (of mass, momentum and heat)
and mixing change for increasing stratification? When stratified
turbulence is homogeneous, turbulence is not sustained by any
applied shear and decays following an evolution in which buoyancy forces influence the largest flow scales first, and the smaller
scales later, until the final turbulence collapse is reached [11].
When stratified turbulence is forced by an applied uniform shear,
its dynamics is controlled by the gradient Richardson number
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Rig ¼ N2/S2, with S the value of the mean shear and N the
Brunt–V€ais€al€a frequency. Numerical and experimental results
[16,17] indicate that if Rig ’ 0.25, the turbulence neither grows
nor decay. At lower values of Rig turbulence grows, whereas at
higher ones it decays. Finally, when stratified turbulence is forced
by an applied shear and at the same time influenced by the presence of a boundary, its evolution is not only controlled by the
mean strength of shear and stratification, but also by their distributions as a function of the distance from the boundary [18].
In this review, we focus precisely on wall-bounded stratified
turbulence. Many of the works in this field have considered Poiseuille flows in closed or open channels, consisting of long channels in which the flow is driven by a mean pressure gradient, and
the stratification is imposed by prescribing a given density difference, Dq ¼ qb  qt, between the bottom (qb) and the top (qt)
boundary (alternatively, a negative density flux dq/dz can be prescribed at the top boundary). The flow physics of such flows can
be described in terms of three main parameters, namely the shear
Reynolds number (Res), the shear Richardson number (Ris), and
the Prandtl number (Pr)
Res ¼

us h
;
0

Ris ¼

gDqh
;
q0 u2s

Pr ¼

0
j0

(1)

Quantities q0,  0, and j0 are the reference fluid density, kinematic
viscosity, and thermal diffusivity, and us ¼ (sw/q0)1=2 is the shear
velocity (sw being the shear stress at the wall). The acceleration
due to gravity is g, and h is the channel half-height. The density
difference, Dq, can be either due to a temperature or a concentration difference. In this paper, we will mostly refer to the case of
thermally stratified flow, which we consider an archetypal case
also for density and concentration stratified flows, and for which
the density difference can be written as Dq/q0 ¼ –b0DT, where b0
is the reference thermal expansion coefficient and DT the top to
bottom temperature difference. While the shear Reynolds number
measures the competition between inertial and viscous forces, the
shear Richardson number measures the competition between
buoyancy and inertial forces, and the Prandtl number measures
the momentum to thermal diffusivity ratio. Note that the reference
temperature used to compute the fluid properties is usually the
mean temperature between the top and bottom wall.
Wall-bounded stably stratified flows can be divided into two
main categories, which are commonly referred to as the weakly/
moderately and the strongly stratified case (or alternatively, weakly
stable and very stable regimes [19]). In the weakly/moderately
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stratified case, turbulence is actively sustained near the boundary,
whereas intermittent turbulence, also flavored by the presence of
nonturbulent wavy structures (internal gravity waves, IGW [20]), is
observed at larger distances. In this case, an equilibrium regime is
established between the production of turbulence by the mean shear
and the suppression of turbulence by the stable stratification so that
the Monin–Obhukov self-similarity theory [21,22] can be used. In
the strongly stratified case, a global turbulent state cannot be sustained. As a result, the flow becomes intermittent, with regions
characterized by complete turbulence suppressions, followed by
regions in which turbulence is reactivated. Note, however, that the
classification of stably stratified wall bounded flows into these two
main categories is only a pedagogical simplification that will help
us organizing the literature material we wish to present.
To provide a concrete example of the rich dynamics arising
from the mutual interaction between buoyancy and turbulence in
wall-bounded flows, we examine an instantaneous flow field.
With the aid of direct numerical simulations (DNSs), the temperature contours were measured and rendered in a perspective threedimensional view (Fig. 1). Based on the behavior of these temperature contours, we identify two main flow regions. First, there is a
region close to the boundary where the flow behaves like a classical turbulent boundary layer. In this region, the mean shear produces turbulent kinetic energy and generates small-scale vorticity
that is almost insensitive to the flow stratification. Farther from
the wall, where vortices and flow structures are larger, stratification becomes important, and the flow differs from the one
observed in the near wall region. At these distances from the wall
we notice the appearance of IGW. The origin of IGW is intimately
related to the behavior of the density profile as a function of the distance z from the bottom boundary. If density decreases for increasing z, a fluid particle that is displaced vertically by velocity
fluctuations is subject to a buoyancy force that tends to bring it
back to its initial position. The fluid particle can overshoot inertially
and oscillate, generating a wavy motion.
Naturally, IGWs interact with the turbulent flow field and dramatically alter mixing and vertical transfer rates [15,23], which
are now characterized by several characteristic lengthscales. Such
characteristics lengthscales are produced by the interplay between
inertial forces (induced by the applied shear or pressure gradient)
and buoyancy forces (induced by the stable stratification). In wallbounded flows, inertial and buoyancy forces are not homogeneous
and change steeply moving away from the wall, making their ratio
dependent on the distance from the wall. A precise local measure
of the relative importance of these two competing forces can be
assessed by comparing the corresponding length scales. Buoyancy
forces act preferentially on the large scales of vertical motion,

Fig. 1 The structure of a weakly/moderately stratified wallbounded turbulent flow. Close to the boundary, classical
boundary layer turbulence is sustained. Farther from the wall, a
buoyancy dominated region characterized by the presence of
IGWs is observed. Contour maps of the temperature field are
used for visualization purposes. Trajectories of Lagrangian
tracers randomly released in the flow and colored by the magnitude of their turbulent kinetic energy are also shown. The flow
direction is explicitly indicated.
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creating an upper bound for the vertical size of turbulent eddies.
An estimate of the smallest scale influenced by buoyancy is given
by the Ozmidov scale (obtained by Ozmidov [24] from an order
of magnitude analysis between buoyancy and inertial forces, see
also Refs. [25] and [26])

Lo ¼

e
N3

1=2
(2)

in which e is the turbulent kinetic energy dissipation rate, and N is
the Brunt-V€ais€al€a frequency (which will be characterized below).
Sometimes the Thorpe scale Lt, based on the estimate of density
inversions of an instantaneous density profile, is used in place of
the Ozmidov scale Lo to evaluate the scale at which buoyancy
influences turbulent motions [11,27–30]. This is usually done in
large-scale experiments (see for instance Ref. [31]) where the
instantaneous density profile is more easily accessible compared
to e, which indeed requires the knowledge of the distribution of
small-scale velocity derivatives. Again, in addition to the Ozmidov scale, the Monin–Obukhov length scale LMO [21,22,32] is
often preferred to estimate the distance from a boundary at which
turbulence generation by shear and by buoyancy are of the same
order (i.e., the distance at which buoyancy starts influencing the
dynamics). The Monin–Obukhov length scale LMO is defined as
LMO ¼

q0 u3s
Ck gqw

(3)

where Ck ’ 0.4 is the Von Karman constant, and qw is the wall
heat flux.
Differently from buoyancy, turbulence is characterized by a
broad range of spatial scales. At one extreme of the scale domain,
we have the Kolmogorov length scale [33]
 1=4
3
g¼ 0
e

(4)

which is the smallest flow scale that can be observed in a turbulent
environment without being dissipated into heat by viscosity. At
the opposite extreme of the scale range we have the largest turbulent scales, whose size can be estimated via the Ellison scale
[30,31,34]

Le ¼

!1=4
hq2 i1=2
@hqi=@z

(5)

that makes use of the density fluctuations as a marker of turbulent
motions. An alternative choice, perhaps more related to the
physics of wall-bounded flows is the use of the distance to the
nearest boundary, Lz, as the local measure of the largest scale of
turbulence at a given location [35]. Figure 2 shows the behavior
of the different scales, Lo/h, 9g/h, and Lz/h in a stratified turbulent
channel from the boundary (z/h ¼ 0) up to the channel center
(z/h ¼ 1) and corresponding to the lower half of the domain rendered in Fig. 1. A similar distribution of scales can be observed in
open channel flows, possibly assuming different boundary conditions [6,35]. Note that 9g is used instead of g alone following Itsweire et al. [30], who argued that a buoyancy-controlled scenario
is established when Lo ’ 9g. A pictorial view of the flow structure
using vectors (the length of which indicates their magnitude) is
also shown in Fig. 2(a). From the behavior of the relevant flow
scales, three main regions can be identified [11,30,35]. In proximity of the wall, where the values of shear are higher, Lo is larger
than the characteristic local flow scales, and the flow is controlled
by turbulence. In this region (turbulence dominated region), the
departure of the flow from unstratified conditions is expected to
be very small. At larger distances from the wall, the values of
shear decrease and so does Lo, while both the smallest and the
Transactions of the ASME

Fig. 2 Panel (a) vector plots on a y–z cross section of a stratified channel (only half of the channel, from the boundary up to
the channel center, is shown); (b) Wall-normal behavior of the Ozmidov scale (Lo/h), Kolmogorov scale (9g/h), and distance
from the boundary (Lz/h, taken here as representative for the largest turbulence scales). Results from Ref. [36].

largest scales of turbulence increase. As a result, buoyancy influences the largest flow scales first (in the buoyancy-affected
region), the smallest flow scales later (in the buoyancy-dominated
region). The extension of the different regions is qualitatively
sketched in Fig. 2(b).
This paper reviews the status of our understanding of the complex interaction between wall-bounded turbulence and stratification. We focus mainly on the foundational problem that can be
rigorously addressed using the Oberbeck–Boussinesq (OB)
[37,38] approximation. Extension to more complex cases, including the behavior of stratified turbulence under nonOberbeck–Boussinesq (NOB) conditions are also discussed. We
organize the paper as follows: Sec. 2 reviews mathematical models that describe the dynamics of turbulence in a stratified environment. We introduce the Oberbeck–Boussinesq approximation and
we discuss its range of validity. We examine methods and flow
configurations used in numerical simulations in Sec. 3 and those
used in experiments in Sec. 4. In Sec. 5, we discuss the flow structure and the general features of wall-bounded stratified flows for
both weakly and strongly stratified cases. In Sec. 6, we consider
the effect of stratification on heat and momentum transfer rates
(Nusselt number and friction factor) in wall-bounded turbulence.
In Sec. 7, we will go beyond the common Oberbeck–Boussinesq
approximation discussing the effects of flow compressibility and
nonuniform fluid properties on the overall dynamics of the flow.
Finally, in Secs. 8 and 9, we will draw conclusions and outline
possible fields of future research. In the context of this paper, in
which we examine only the case of stably stratified turbulence, we
will drop the word stably for ease of reading hereinafter.

2 Equations of Motion for Wall-Bounded Stratified
Flows
The full nonlinear continuity, momentum, and energy equations
describing the motion of a compressible stratified flow represent a
complex system of coupled equations that is in general difficult to
solve. In many cases, the complete set of the governing equations
can be conveniently simplified by introducing the Oberbeck–
Boussinesq (OB) approximation. In this section, we introduce the
general compressible form of the governing equations (NOB) first,
the OB approximation later. A discussion on the ranges of validity
of the OB approximation is also provided.
2.1 General Form of the Governing Equations. The most
general starting point for the analysis of stably stratified
Applied Mechanics Reviews

turbulence is represented by the complete system of continuity,
momentum, and energy equations for a Newtonian fluid of variable properties and second viscosity equal to zero [39]
Dq
@ui
þq
¼0
Dt
@xi
q

(6)

@Cij
Dui
@P
@l
 qgd3;i þ l
þ Cij
¼
@xi
@xj
Dt
@xj

(7)

DT
@ 2 T @k @T
DP
¼k 2þ
þ lU
þ bT
Dt
@xj
@xj @xj
Dt

(8)

qcp

where ui are the fluid velocity components, P is the pressure, and
T is the temperature. Note that


@ui @uj 2 @uk
1
@ui @uj
(9)
þ

dij ; U ¼ Cij
þ
Cij ¼
2
@xj @xi 3 @xk
@xj @xi
are the rate of strain tensor (Cij) and the rate of dissipation of
mechanical energy due to viscosity (U), whereas the thermophysical fluid properties are density q, viscosity l, specific heat cp, and
thermal expansion coefficient b ¼ 1/q(@q/@T)p. To fully specify
the problem, suitable laws for the determination of the fluid properties as a function of temperature and pressure must be prescribed. These can be given in the general form
q ¼ qðT; PÞ;
l ¼ lðT; PÞ;

cp ¼ cp ðT; PÞ
b ¼ bðT; PÞ; k ¼ kðT; PÞ

(10)

In most cases, such laws are inferred from the available analytical
expressions and correlations derived from thermodynamics and/or
experimental measurements [36,40–43]. Equations (6)–(8), complemented with explicit laws to particularize Eq. (10), constitute
the general form of the governing equations. In connection with
Sec. 2.2, and precisely to stress the difference with the commonly
adopted OB approximation, this form is usually called NOB.

2.2 Oberbeck–Boussinesq Approximation. The OB approximation [37,38] is based on the assumption that fluid density variations are small enough to be negligible in the continuity
equation and play a role only in the gravitational term of the
momentum equation (i.e., where q is multiplied by the
JULY 2018, Vol. 70 / 040801-3

acceleration due to gravity g). The reason why is it possible to
assume a constant q but in the gravitational term, is that the product qg can produce large effects even when relative density fluctuations with respect to the reference density q0 are very small (i.e.,
(q – q0)/q0  1), since acceleration due to gravity is in general
much larger than any other local value of the fluid acceleration
(i.e., jgj  jDui =Dtj). Further, in the OB approximation all thermophysical fluid properties are strictly constant and uniform.
Then, governing equations can be conveniently written in dimensionless form. Without the loss of generality, we refer to the case
of a density-stratified Poiseuille flow in a closed channel, in which
the stable stratification is maintained by keeping a positive density
difference Dq ¼ qb – qt between the bottom (qb) and the top (qt)
walls. The OB form of the governing balance equations reads as
@ui
¼0
@xi

(11)

Dui
@p0
1 @ 2 ui
þ
 Ris q0 d3;i þ d1;i
¼
Dt
@xi Res @xj 2

(12)

Dq
1 @2q
¼
Dt Res Pr @xj 2

(13)

where in this case p0 represents the pressure deviation from the
hydrostatic reference case, q0 is the density fluctuation, and d1,i is
the mean pressure gradient driving the flow. The three parameters
appearing in Eqs. (11)–(13) are the shear Reynolds number Res,
the shear Richardson number Ris, and the Prandtl number Pr
already defined above (see Sec. 1).
Alternative definitions of the Richardson number are used in
the literature to describe and parameterize the dynamics of stratified turbulence. The different definitions of the Richardson numbers are based on different definitions of the reference velocity
scale used to write equations in dimensionless form. Therefore, we
have the centerline Richardson number (which takes the centerline
velocity uc as reference), the bulk Richardson number Rib (which
takes the bulk velocity ub as reference), and the gradient Richardson
number Rig ¼ N2/S2 (which takes the Brunt Vaisala frequency N and
the mean shear rate S as reference parameters). Although Ris is customarily used for the characterization of the flow regimes in numerical simulations of wall-bounded stratified flows [18,36,44,45], its use
in experiments is much more limited. Reasons are related to the difficulty in the determination of the shear velocity us (that in turn
requires the determination of the wall shear stress). Therefore, in
experiments the bulk Richardson number Rib is usually preferred,
since the bulk velocity is an easier quantity to access.
2.3 Range of Validity of the Oberbeck–Boussinesq
Approximation. A number of important aspects of the flow
physics in the broad field of buoyancy-influenced flows [46–48]
was elucidated by employing the OB approximation (Eqs.
(11)–(13)). It should be remarked here, however, that it represents
a good approximation of the exact equations (Eqs. (6)–(8)) within
certain ranges of variation of the main parameters only [49–53],
and its applicability beyond these ranges is not physically justified. To understand it, we estimate the accuracy error introduced
by the assumption of constant density in the continuity equation
by computing the ratio between the material derivative of density
q1Dq/Dt and the divergence of the velocity field @uj/@xj [54,55].
Upon introduction of appropriate length (l0), velocity (u0), and
temperature (DT) scales, we get
q1 Dq=Dt bDT=Dt bDT ðu0 =l0 Þ
¼
’
¼ bDT
@uj =@xj
@uj =@xj
u0 =l0

(14)

To derive Eq. (14), u0 is considered small compared to the speed of
sound c (i.e., the Mach number Ma ¼ u0/c < 0.3) and pressure
040801-4 / Vol. 70, JULY 2018

changes in the fluid are considered slow compared to acoustic pressure waves. Therefore, for the OB approximation to be valid, bDT
 1. However, this represents only a rough estimate. Precise boundaries for the validity of the OB approximation were obtained by
Gray and Giorgini [51] starting from the full nonlinear equations in
compressible form and writing all the fluid properties as a linear
Taylor expansion of temperature and pressure, i.e.,
q ¼ q0 ½1  b0 ðT  T0 Þ þ c0 ðP  P0 Þ
cp ¼ cp0 ½1  a0 ðT  T0 Þ þ b0 ðP  P0 Þ
l ¼ l0 ½1  c0 ðT  T0 Þ þ d0 ðP  P0 Þ
b ¼ b0 ½1  e0 ðT  T0 Þ þ f0 ðP  P0 Þ
k ¼ k0 ½1  m0 ðT  T0 Þ þ n0 ðP  P0 Þ
After retaining only the leading order terms of the resulting equations, Gray and Giorgini [51] were able to derive a set of constraints for the OB approximation to be valid. These constraints
were written in the following form:
e1
e3
e5
e7
e9

¼ b0 DT  d;
¼ c0 DT  d;
¼ a0 q0 gh  d;
¼ m0 DT  d;
¼ e0 DT  d;

e2 ¼ c0 q0 gh  d
e4 ¼ d0 q0 gh  d
e6 ¼ b0 q0 gh  d
e8 ¼ n0 q0 gh  d
e10 ¼ f0 q0 gh  d

e11 ¼ b0 gh=cp0  d
e12 ¼ e11 T0 =DT  d
where d ¼ 0.1 is a small enough number (i.e., giving a maximum
error of 10% in the estimate of the fluid property). That is to say,
when d  0.1, the value of each fluid property can be safely
approximated by its reference value (indicated by the subscript 0).
A further restrictive condition, i.e., e12 < 0.02, for the work done
by pressure forces and the heat generated by viscous losses to be
negligible, has been recently proposed by Pons and Quere [56].
Altogether, these constraints set the boundaries for an explicit
evaluation of the validity ranges of the OB approximation. These
are plotted in Fig. 3 for the case of air (Fig. 3(a)) and water
(Fig. 3(b)) at reference temperature T0 ¼ 15  C and pressure
P0 ¼ 105 Pa. The two main parameters are the temperature difference DT and the characteristic size of the problem h. The values
of the thermophysical properties at the reference conditions are
evaluated as in Ref. [51]. For air, the most restrictive conditions
are e1 (variation of q with T), e2 (variation of q with P), and e12
(pressure work term). For water, the most restrictive conditions are
e9 (variation of b with T), e8 (variation of k with P), and e12 (pressure work term). Sometimes, when liquids are used as working fluids at a reference temperature different from the commonly adopted
T0 ¼ 15  C, e2 (variation of l with temperature) can become as
important as e9 (see for instance Zonta et al. [36,43]) in determining
the proper thresholds for the validity of the OB approximation.
The widely used OB approximation is physically sound in the
area labelled Oberbeck-Boussines approximation of Fig. 3 only.
The extended Boussinesq model (sometimes called thermodynamic
Boussinesq model, see Ref. [56]) accounting for the pressure-work
term in the energy equation has a validity that includes also the
region labelled Thermodynamic Boussinesq in Fig. 3. Outside these
ranges, NOB approaches must be used. While the low-Mach number approximation (also known as an elastic approximation
[57–59], see the corresponding regions in Fig. 3) are required for
air flows (since the most restrictive condition is the dependence of
q on T and P), alternative solutions accounting for the temperature
or pressure variation of l, b or k [36,60,61] are adequate for water
(and other liquid) flows in many situations far from critical points
(regions labelled Incompressible non-Oberbeck- Boussinesq in Fig.
3). The case of liquid flows close to critical conditions must be analyzed with a low-Mach number approximation as well [40–42].
Transactions of the ASME

Fig. 3 A parameter space (DT, h) of wall-bounded stratified turbulence with the different numerical approach that can be used
for its description. Panel (a): air; panel (b): water. In this schematic, the solid lines indicate approximately the point at which
the basic Oberbeck–Boussinesq model begins to fail, and more complex non-Oberbeck–Boussinesq models (both incompressible NOB or low-Mach) must be used. The dashed line indicates the point at which the thermodynamic Boussinesq model
should be used. Specific indication of the parameter (e) that describes each threshold line is also explicitly given. The label
inside each region indicates the corresponding numerical approach according to the following color-code:
Oberbeck–Boussinesq, low-Mach number, incompressible NOB, and thermodynamic Boussinesq. Some examples of the
most suitable approaches to be used for flows of interest in environmental and industrial applications are provided in the following. In the nocturnal boundary layer, for example, h ’ 102/103 m and DT ’ 5  C. In this case, the thermodynamic Boussinesq
model would be appropriate. However, if h > 103 m, a low-Mach number approach would be recommended. In the deep ocean,
h ’ 103 m and DT ’ 2  C, whereas in the upper ocean, h ’ 102 m and DT ’ 10  C [62]. In both cases, an incompressible NOB
approach is required. In industrial heat transfer processes, typical sizes are h ’ 1 m, whereas DT are usually larger than in
environmental applications. For air, temperature gradients can easily be DT 5 10/100  C, while for water DT can achieve few
tens, in particular for high heat flux cooling technologies [63]. In these latter cases, a low Mach number approach (air) and an
incompressible NOB approach (water) is recommended.

3

Computational Approaches

The available approaches to compute turbulent flows are
DNS, large eddy simulation (LES), and Reynolds-averaged
Navier–Stokes (RANS). We refer the reader to already existing
archival reviews [64–66] for further details on these topics. Here,
we will limit our discussion to the application of each of these
approaches to stratified turbulence. However, instrumental to elucidate some features of this type of flows, we dedicate the first
paragraph of this section to the stability analysis of a stratified
channel.
3.1 Linear Stability Analysis of Wall-Bounded Stratified
Flow. A plane Poiseuille flow subject to an external stabilizing
density/temperature gradient and characterized by a given Reynolds number Re is asymptotically stable if the Richardson number
exceeds a critical value Ricr (which in general depends on the
value of Re). In 1961, Miles [67] developed a stability theory for
stratified flows based on the inviscid flow equations. Few years
later, Gage and Reid [68] extended the theory of Miles using the
complete set of Navier–Stokes equations. In their stability analysis of a stratified laminar Poiseuille flow, Gage and Reid [68]
identified the dependence of the critical Richardson number Ricr
on Re. As usual in laminar Poiseuille flows, they used the centerline velocity as a reference scale and adopted the critical centerline Richardson number Ric;cr ¼ gbhDT=ð8u2c Þ, as well as the
centerline Reynolds number Rec ¼ uch/, as the main parameters.
Note that here the Richardson number is defined based on the temperature difference rather than on the density difference, i.e., Dq/
q0 ¼ bDT. More recently, Armenio and Sarkar [18] recast the stability threshold found by Gage and Reid [68] in terms of the shear
Richardson number defined as
Ris;cr ¼ 8Ric;cr

Applied Mechanics Reviews

Re2c
Re2s

(15)

Considering that the velocity profile in a laminar Poiseuille flow is
parabolic and its derivative at the wall is du=dzjw ¼ u2s =
¼ 2uc =h, they obtained Rec ¼ Re2s =2 and finally got
Ris;cr ¼ 2Ric;cr Re2s

(16)

Equation 16 combined with the results of Gage and Reid [68], can
be used to draw the black circles (•) in the (Res, Ris) phase diagram shown in Fig. 4. With a black solid line, we plot what we
propose here as a best-fit explicit relationship Ris ¼ f(Res) (the
detailed best-fit expression is reported in the figure). Also shown
(symbols) in Fig. 4 are the results of different campaigns of
numerical simulations [6,36,45,69–71]. Based on the results
shown in Fig. 4, the presence of three different regimes can be
observed [18,30,44,45]: a weakly stratified turbulent regime, a
strongly stratified turbulent regime, and a strongly stratified laminar regime. The lower boundary at which the strongly stratified
turbulent regime begins (shaded area) is heuristically drawn based
on the results of numerical simulations and is intended here for
conceptual use only. In the weakly stratified turbulent regime, turbulence is modified only far from the wall, with the near wall
region maintaining the classical structure of unstratified turbulence. In the strongly stratified turbulent regime (shaded area in
Fig. 4), stratification influences also the near wall region, which
becomes populated by laminar patches, although the mean flow is
still able to sustain turbulence. Increasing further the stratification
level and trespassing the threshold represented by the neutral stability curve (behavior of Ris,cr, solid line), turbulence is completely suppressed by buoyancy, and the flow is fully laminar
[68]. Based on the value of the shear Richardson number Ris, the
concept of subcritical (i.e., characterized by small-than-critical
value of Ris) or supercritical (i.e., characterized by larger-thancritical value of Ris) conditions is usually introduced [18].
JULY 2018, Vol. 70 / 040801-5

Fig. 4 Structure of the (Res 2 Ris) space diagram for wall bounded stratified flows. Circles
represent the critical Ris (neutral curve) obtained from the linear stability analysis [68] and
recast to fit with the present parameter space. The fitting of the neutral curve proposed here
has the following form: log(Ris;cr ) 5 m  ½log(Res )b 1n  ½log(Res )2da 1c, where the value of the
parameters is a 5 20.1843, b 5 1.047, c 5 1.914, d 5 1.927, m 5 1.651, and n 5 22.204. The
shaded area in the parameter space corresponds to strongly stratified turbulent flow conditions (appearance of laminar patches in the near wall region). The strongly stratified laminar
and the weakly stratified turbulent regions are also explicitly indicated. Symbols below the
neutral curve represent a collection of numerical simulations of wall-bounded stratified turbulence [6,36,45,69–71]. Note that, in the context of stably stratified turbulence, the term subcritical (resp. supercritical) condition refers to a flow characterized by a lower-than-critical (resp.
larger-than-critical) value of the shear Richardsons number Ris, i.e., falling below (resp. above)
the neutral curve.

There is still a bit of uncertainty about the complete relaminarization of strongly stratified flows. Building on the works of
Nieuwstadt [14] and Der Wiel et al. [72], Donda et al. [73] have
recently argued that the laminarization process induced by stratification is an inherently transient phenomenon, which is always followed by a recovery of turbulence provided that sufficiently large
finite amplitude perturbation are imposed on the laminarized state
and provided that sufficient time for flow acceleration is allowed.
3.2 Direct Numerical Simulation. Direct numerical simulation discretize the governing equations on a spatio-temporal grid
fine enough to resolve all the scales of the turbulent motion down
to the smallest, which is represented by the Kolmogorov scale g
(already defined above) for Pr < 1 or by the Batchelor scale
gB ¼ g/Pr for Pr > 1 [33,74]. In unstratified wall-bounded turbulence, vertical scales are usually smaller (but of the same order of
magnitude) than horizontal scales. In stratified wall-bounded turbulence, the scale separation becomes larger, with the vertical
scales being usually orders of magnitude smaller than the horizontal scales. This poses further constraints on the computational cost
of each simulation.
Since DNS computes turbulence without the aid of any model,
it has the unique capability to capture all the flow details and to
quantify all terms in the fundamental energy and momentum
budgets, even those that cannot be experimentally measured. This
is of specific importance for strongly stratified flows, where vigorous local turbulence events and sharp gradients of temperature
and/or of material properties may lead to strong, spatially and
temporally localized mixing and transport that may be remarkably
different from the mean turbulence statistics. Many DNS studies
of wall-bounded stratified turbulence have been performed in
closed or open plane channels and using different computational
techniques. While simulations run in closed channels aim at mimicking internal flows of interest for industrial applications
[36,45,75,76], simulations in open channels and boundary layers
[6,14,70,71,75–81] are mostly motivated by environmental and
geophysical applications (terrestrial and oceanic boundary layers).
Despite some differences that may arise from the specific
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boundary conditions adopted, stratification in open channels and
boundary layers is similar to that observed in closed channels.
Direct numerical simulation of stably stratified channel turbulence was first performed by Iida et al. [75] for weakly/moderately
stratified conditions in a closed channel at shear Reynolds number
Res ¼ 150, and by Nieuwstadt [14] for strongly stratified conditions in an open channel flow at shear Reynolds number
Res ¼ 395. Few years later, the DNS studies of Flores and Riley

[77] and Garcıa-Villalba and del Alamo
[45] have largely contributed to the physical comprehension of the dynamics of wallbounded stratified turbulence. One of the crucial aspects raised by
these DNS studies was the need of very large domains to properly
characterize the turbulent structures present in stratified channels.
This is of specific importance for strongly stratified conditions, in
which stratification effects fall well into the near-wall region
inducing localized relaminarization patterns and a corresponding
flow intermittency (see Sec. 5.2 for further details). The parameter
range was further widened by subsequent works, increasing both
the Reynolds and the Richardson numbers [6,69,70] so to explore
weakly and strongly stratified conditions at values of Res and Ris
progressively closer to those characterizing real applications.
Recently, He [71] has performed DNS of an open channel flow at
the unprecedented values of the Reynolds number Res ¼ 103 and
Richardson number Ris ¼ 104 (a combination leading to a bulk
Reynolds number of the order of Re ¼ 105), obtaining intriguing
results on the phenomenon of global intermittency in the strongly
stable regime.
Even though it is not the primary object of this review, it is
important to mention a number of studies which analyzed
unbounded, yet sheared, stratified turbulence [11–13,82,83]. More
recently, DNS has become the preferred tool to investigate NOB
effects. These effects, usually arising when the flow is subject to
strong thermal gradients [36,40,42] will be discussed more in
detail in Sec. 7.
3.3 Large Eddy Simulation. In LES, only the largest scales
are resolved by the computational grid and directly simulated,
while the effects of the flow scales falling below the grid
Transactions of the ASME

resolution are parameterized by an appropriate subgrid-scale
(SGS) model. Since its appearance, LES has been widely used in
the analysis of stratified wall-bounded turbulence due to the lower
computational cost required to perform such simulations at values
of the governing parameters that are already of practical interest.
Motivated by the important geophysical and environmental
applications (mainly atmospheric boundary layer), LES has been
originally applied to study stratified boundary layers. Building on
an heterogenous database of available models [84–86] and field
measurements [87], Mason and Derbyshire [88] and Derbyshire
[89] showed the reliability of standard LES simulations run with a
standard Smagorinsky SGS model to capture the dynamics and
the main statistics of a weakly stratified boundary layer. Follow
up studies to this work improved the SGS model using an additional transport equation for the subgrid kinetic energy [90], possibly combined with a nonlinear eddy diffusivity model [91]. A
further improvement in the simulation of stratified boundary
layers was achieved by Beare et al. [92] and Kleissl et al. [93]
with the adoption of the dynamic model first introduced by
Germano et al. [94]. Relaxing the main assumptions of the dynamic
model (the model coefficient are scale independent and only
slightly changing in space), Porte-Agel and coworkers [95,96]
developed a scale-dependent Lagrangian model with appealing features for the analysis of atmospheric boundary layers. In most LES
of geophysical and environmental situations, the near-wall region is
not resolved and some kind of wall models is used.
Considering the case of stratified turbulent channels, the first
systematic studies paving the way for future research in the field
were those of Garg et al. [44] and Armenio and Sarkar [18], which
performed wall-resolved LES of a turbulent flow at a given shear
Reynolds number Res ¼ 180 and for a wide range of stratification
levels. Unlike in previous investigations, the shear Richardson
number Ris was found to characterize properly the dynamics of
stratified turbulence. These studies were later extended considering different boundary conditions (free surface flows with a prescribed density flux [35]) and widening the range of the governing
parameters (oscillating boundary layer, larger Prandtl number
[97]).
One important aspect to be mentioned is that, while LES is
suited for weakly and moderately stratified flows [90–92], its
application to strongly stratified conditions is much more problematic [77]. A comprehensive discussion on the range of applicability of the standard LES models to wall-bounded stratified
flows was proposed by Jimenez and Cuxart [98], who benchmarked the results of a large campaign of LES against a series of
reliable and carefully realized field measurements (SABLES-98,
[99] and CASES-99, [100], discussed in Sec. 4.2), and noticed
that standard LES models work fairly well for weakly and for a
short range of moderately stratified conditions. But they fall short
of predicting strongly stratified conditions. The reason of this failure is twofold: first, the reduction of size of the characteristic
structures is more demanding for the subgrid scale modeling (and
the assumption of an isotropic and universal behavior questionable); second, strongly stratified turbulence is intermittent and
localized in space, a situation that is hard to handle by LES models with horizontal averaging [96].
3.4 Reynolds-Averaged Navier–Stokes Equations. Direct
numerical simulation and LES are too expensive for most practical flow problems and therefore only suitable to very idealized
flows [33]. In such cases, the RANS approach is used. This
approach, which is based on averaging the governing equations
using the Reynolds decomposition, generates additional terms
(usually referred to as Reynolds stresses) that account for turbulent momentum and heat transfer rates. Due to the appearance of
terms containing fluctuations of the main variables, the number of
unknowns is larger than the number of equations (that describe
the evolution of the mean quantities only). The resulting problem
cannot be solved in this form, and specific closure techniques are
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therefore required. The simplest and widely used closure approach
relies on the gradient diffusion hypothesis (first order closure), for
which the turbulent momentum and heat fluxes are transported
down the gradient of velocity and temperature, respectively.
Within this approach, the closure problem reduces to the determination of the two coefficients of proportionality between the turbulent fluxes and the mean gradients of momentum and heat.
These coefficients are usually referred to as eddy viscosity,  t, and
eddy diffusivity, jt, respectively. Common approaches to estimate
 t and jt go from simple algebraic models to more complex twoequation models [101]. The turbulent Prandtl number, Prt ¼  t/jt,
is often introduced to relate the turbulent momentum and heat
fluxes.
In wall-bounded stratified flows, Prt is in general influenced by
the density stratification and by the presence of the wall, although
the latter is sometimes neglected [102–104]. When the presence
of the wall is taken into account, one popular parameterization
scheme invokes the Monin–Obukhov similarity theory [105] to
model the effects of stratification on eddy diffusivities, possibly
complemented by a correction function that does depend on the
value of Rig. While this approach generally yields good results for
weakly stable conditions [106], it introduces a threshold value for
the gradient Richardson number Rig ¼ 0.2, beyond which turbulent mixing is totally suppressed [107,108]. This does not agree
with observations [109,110] and numerical simulations [91,111]
which show that turbulent mixing persists for values of Rig well
above Rig ¼ 0.2. To solve this shortcoming, Huang et al. [107]
have proposed a novel mixing-length model that still employs Rig
to characterize stability, but does not introduce the correction
function and does not invoke a critical Rig. This model agrees
much better with LES results and converges to the classic model
under neutral conditions. A simple, yet reliable model for Prt
accounting for the flow inhomogeneity due to the presence of the
wall has been recently introduced by Karimpour and Venayagamoorthy [112]. The model, which introduces a linear correction to
Prt with the distance from the wall, has been benchmarked against
available DNS databases [45] with satisfactory results.
More complex higher-order closure models, such as the
Mellor–Yamada [113] and further declinations, have been also
developed and tested for prediction of wall-bounded stratified turbulence. One of the main challenges associated with these higherorder methods is the introduction of further equations adding
empirical constants that must be determined. Further, higher-order
closure models usually foresee the presence of a maximum gradient Richardson number Rig above which the flow is completely
laminar, and hence, encounter the very same limitations discussed
above. Extensions to overcome these limitations have been
recently proposed [114,115] and successfully applied. In particular, Lazeroms et al. [115] have derived an explicit algebraic model
having the property of being general (independence on the
adopted reference system), accurate and yet simple, since the nonlinear part of the Reynolds stresses and heat transport equations
have been retained and solved in an approximate fashion. Such
model has shown good agreement with DNS data for different
kind of flows [45,69]. We remark that RANS models hardly predict the behavior of strongly stratified flows characterized by
strong intermittency and spatial inhomogeneity as well [77]. Further complications arise when the flow is characterized by a sharp
variation of the fluid properties [116].

4

Experimental Investigations

Wall-bounded stratified turbulence has been the object of a
number of experimental investigations. Here, we will review both
laboratory experiments and field measurements, listing the most
important techniques and describing the main findings.
4.1 Laboratory Experiments. Laboratory experiments and
field measurements of turbulence quantities in wall-bounded
stratified turbulence are relatively scarce compared to the
JULY 2018, Vol. 70 / 040801-7

unbounded case [16,117], primarily because of inherent difficulties in performing measurements close to a boundary.
One of the first experimental study to characterize the dynamics
of wall-bounded stratified turbulence was done by Arya [118]. By
considering a stratified boundary layer of air developing over a
cooled/heated wall, Arya [118] found that stable stratification
alters the mean velocity and temperature profiles and reduces the
turbulence intensities, friction factor, and Nusselt number. Few
years later, Komori et al. [119] studied the stratified flow obtained
by condensing steam over the upper surface of an open channel
and found similar results. One important observation made by
Komori et al. [119] was that, for large stratification values, wavelike structures associated with counter gradient heat and momentum fluxes were observed. The gradient Richardson Rig was
chosen as the indicator of turbulence suppression as a function of
the wall distance. Even at the largest applied stratification, no relaminarization was observed in Refs. [118] and [119]. Similar
results were also obtained by other researchers carrying experiments in wind tunnels or open channels (see for instance Refs.
[120] and [121]). More recently, a series of wind tunnel experiments performed by Ohya et al. [122–124] extended the previous
investigations considering both smooth and rough boundaries and
covering a wider range of stratification levels. In the 1997 paper,
Ohya et al. [122] focused on turbulent boundary layers developed
over a smooth surface and reported a significant decrease of
velocity/temperature fluctuations and turbulent fluxes for increasing stratification. Under very strong stratification, velocity and
temperature fluctuations vanished even close to the boundary and
flow relaminarization occurred. In the 2001 paper, Ohya [124]
extended the previous results considering the stratified boundary
layer over a rough surface (chain roughness). While under weak
stratification turbulence is enhanced by surface roughness, it is
completely suppressed under strong stratification.
4.2 Field Measurements. Field measurements of wallbounded stratified turbulence (chiefly in the ocean and in the
atmosphere) are particularly difficult due to the complex surface
morphology and to the inherent difficulties in measuring turbulence scales at large Reynolds number [108,125]. Two important
field programs, called SABLES-98 and CASES-99, were run few
years ago to characterize the atmospheric boundary layer. The
SABLES-98 experiment (Stable Atmospheric Boundary Layer
Experiment in Spain-1998 [99]) took place in September 1998 in
a broad flat region located in the north of Spain. During the 14
nights (12 h long) of experiments, different stratified conditions
were sampled by a 100-m tower, ranging from near neutral to
strongly stable. The second experiment, CASES-99 (Cooperative

Atmosphere-Surface Exchange Study 1999 [100]), was held in
October 1999 in south-eastern Kansas, in the Great Plains of the
U.S. The nights were about 13 h long, and the winds were generally stronger than those of the SABLES-98 campaign. The tower
was 60-m high and very densely instrumented. Thanks to the previous campaigns of field measurements, a detailed characterization of heat/momentum fluxes, intermittency, and turbulent
mixing was possible. Hints on the applicability of the
Monin–Obhukov similarity theory under weakly and strongly
stratified conditions as well as the role of surface heterogeneity
were also given.
In the ocean, field measurements are inherently more difficult
than in the atmosphere and are usually limited to the vertical distribution of mean temperature using shipborne conductivity, temperature, depth [31,126,127]. Measurements of the mean
temperature profile are important since they can be effectively
used as an indirect measure of the turbulent dissipation rate
[28,29,128], a key parameter to estimate the global energy budget
in the ocean as well as to quantify mixing and vertical diffusivity
of species. An example of the temperature distribution obtained
during an oceanic experimental campaign is provided in Fig. 5
(taken from Cimatoribus et al. [126]). The time behavior of temperature, measured by termistors distributed from the surface
down to the ocean bottom (the first thermistor is approximately 5
m above the bottom), is shown during a downslope (decreasing
temperature) and an upslope (increasing temperature) tidal phase.
When a more precise estimate of the dissipation rate is required,
velocity gradients must be measured at the millimeter scale
through temperature/velocity profiling devices with sensitive
high-speed thermistors and thin films (see the reviews of Wunsch
and Ferrari [7] and Ivey et al. [125] for further details). Note that
a direct estimate of mixing can be accessed via tracer-release
experiments (we refer the reader to [125,129,130] and references
therein), realized by injecting an inert dye in a controlled fashion
into the ocean at depth, and tracking its subsequent evolution.
Although field measurements at the dissipation scale remain a
challenge for most of the commonly used probing instruments,
more recent techniques like airborne Doppler lidar, remote turbulence/temperature profilers, or shipborne microstructure facilities
promise to open new frontiers in the field observations of wallbounded stratified turbulence [7,108,131].

5 Flow Structure of Wall-Bounded Stratified
Turbulence
In this section, we review some of the main scientific results
obtained by studies on wall-bounded stratified turbulence. Many

Fig. 5 Time measurements of the temperature as a function of the distance from the bottom boundary (h.a.b) during an
experimental campaign focused on the bottom oceanic boundary layer. (Reproduced with permission from Cimatoribus and
van Haren [125]. Copyright 2015 by Cambridge University.)
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of the results we will discuss have been obtained by numerical
simulations, which have the advantage of providing not only a
measure of global mean quantities, but also an accurate characterization of the local flow structure. Here, we clearly distinguish
between weakly/moderately stratified flows and strongly stratified
flows, since the relevant flow phenomenology is substantially
different.
5.1 Weakly/Moderately Stratified Turbulence. The first
numerical study analyzing wall-bounded stratified turbulence in a
systematic fashion was done by Garg et al. [44], who performed
wall-resolved LES of incompressible stratified turbulence in both
close and open channel flow configurations at a constant Res and
Pr number but at different Ris (i.e., different stratification levels).
The occurrence of three different regimes was observed, depending on the value of Ris: a buoyancy-affected regime (Ris < 30),
with turbulence partially suppressed; a buoyancy-controlled
regime (30 < Ris < 45), with a temporary flow relaminarization in
one half of the channel followed by a sharp transition restoring a
symmetric turbulent flow; a buoyancy-dominated regime
(Ris > 45), with a rapid relaminarization of the whole flow. Similar results, showing one-sided turbulence with local flow laminarization, were observed by Iida et al. [75] in their OBapproximated-DNSs of stratified channel turbulence at Res ¼ 150
and Ris ¼ 40. However, findings of Refs. [44] and [75] were in
apparent contradiction with the linear stability analysis [68], with
this latter predicting much larger values of the imposed stratification (compared to those considered by Garg et al. [44] and Iida
et al. [75]) for the flow to become laminar. To identify the reason
of this discrepancy, Armenio and Sarkar [18] performed a wallresolved LES of stratified channel turbulence at Res ¼ 180 and
different values of the imposed stratification in the range
0 < Ris < 480. They noticed that the flow laminarization for subcritical values of Ris (see Sec. 3.1 for a proper definition of critical
and subcritical) observed in Refs [44] and [75] was just a transient
effect disappearing after a sufficient time. A clearcut explanation
of these important differences was given recently by Garcıa
Villalba and del Alamo
[45]. Performing DNS of stratified channel turbulence up to Res ¼ 550 and Ris ¼ 960, and employing

larger computational domains, Garcıa-Villalba and del Alamo
were able to show that local flow laminarization for subcritical
values of Ris occurs only when the computational domain is not
large enough to contain the minimal flow unit required to sustain
turbulence. In this case, laminar patches appear, increase in size,
and become large enough to forbid a back transition to turbulence.
Therefore, when the flow domain is too small, a complete relaminarization occurs at one (or both) side of the channel even at sub
critical values of Ris. In summary, Garcıa-Villalba and del Alamo
have shown that contradictions with linear stability analysis is
only a numerical outcome due to the subminimal size of the computational domain.
It is now widely accepted [132,133] that unstratified near-wall
turbulence is characterized by a broad range of spatial structures.
At one extreme, there are near-wall streaks having a streamwise
length of approximately kx ’ 103 wall units and spanwise width
of ky ’ 102 wall units. At the opposite extreme, there are very
large and tall structures called global modes and characterized by
kx ’ 10h and spanwise width of ky ’ 2h. Contour plots of the
streamwise velocity fluctuations, taken from Garcıa-Villalba and

del Alamo
[45], are shown in Fig. 6 to give a flavor of near wall
turbulence structures. Figure 6(a) refers to unstratified turbulence,
while Fig. 6(b) refers to stratified turbulence at Res ¼ 550 and
Ris ¼ 480. Dark streaks indicate low-speed regions while light
streaks indicate high speed regions. The cutting plane is located at
zþ ¼ 15. The vis-a-vis comparison between unstratified and stratified case demonstrates that near wall streaks are only slightly
influenced by the imposed stratification (i.e., streaks slightly narrow). Differently from the near wall streaks, global modes generated by very large and tall structures extending well into the outer
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Fig. 6 Contour map of the streamwise velocity fluctuations on
a x–y plane in the near wall region (z1 ’ 15) for Res 5 550. Panel
(a): unstratified flow; Panel (b): stratified case at Ris 5 480.

(Reproduced with permission from Garcıa-Villalba and Alamo
[45]. Copyright 2011 by AIP Publising.)

region of the boundary layer are influenced by stratification [45].
Moving toward the core of the channel, the dynamics of the flow
becomes completely different, as stratification starts influencing
the larger flow scales first, the smaller later. The dominant structures in this region are strong nonturbulent motions called IGWs.
Contour maps of density (Fig. 7(a)) and wall-normal velocity fluctuations (Fig. 7(b)) at the channel center taken from Garcıa
Villalba and del Alamo
[45] are presented, precisely to visualize
IGW. The black thick line refers to the position of a crest of the
density isosurface, @q/@x ¼ 0. Density and vertical velocity fluctuations are characterized by very similar, although shifted, patterns
[30,45,75]. As explicitly quantified by Iida et al. [75], and
reported in Fig. 8, the phase shift approaches p/2 at the channel
center (i.e., at yþ ¼ 150). The presence of this phase shift explains
why, although temperature and wall-normal velocity fluctuations
at the channel core are large, turbulent fluxes remain very small
[18,45,75].

Fig. 7 Contour map of density (panel a) and wall normal velocity fluctuations on a horizontal plane at the center of the channel for Res 5 550 and Ris 5 480. The black solid line indicates
the trace ›q/›x 5 0 obtained after smoothing the temperature
field by 2D cutoff filter. (Reproduced with permission from

Garcıa-Villalba and Alamo
[45]. Copyright 2011 by AIP
Publishing.)
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Fig. 8 Behavior of the phase angle /(wh) between the vertical
velocity w and the temperature fluctuations h as a function of
the normalized wavenumber in the streamwise direction kxd.
Measurements are taken at different locations from the wall (y1)
for moderately stratified conditions. (Reproduced with permission from Iida et al. [75]. Copyright 2002 by Elsevier.)

The origin of internal waves is the restoring effect due to
 ðz0 Þ that is displaced
buoyancy. A fluid particle with density q
vertically of a distance f by velocity fluctuations, finds itself
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This equation describes the oscillating motion of a fluid particle
around its equilibrium position at frequency N, which is usually
called Brunt-V€ais€al€a (or simply buoyancy) frequency. For an indepth analysis of IGWs and their importance, we refer the reader
to previous references [7,20,48,134–136]. Internal waves can be
considered a sort of thick interface characterized by the presence
of strong temperature/density gradients (usually called thermocline or pycnocline, see Refs. [23] and [36]) and largely influencing the mixing properties of the flow. To measure the amount of
mixing, the concept of mixing efficiency, i.e., the efficiency with
which the density field in stably stratified fluid is mixed by turbulent processes, is commonly invoked [15,137]. Mixing efficiency
is often estimated via the flux Richardson number Rif ¼ Bk/Pk,
which is the ratio of buoyancy destruction flux (Bk) to shear production (Pk) in the turbulent kinetic energy equation. Although
the experimental and numerical results on mixing are characterized by a significant spread, it is now widely accepted that Rif is
characterized by a nonmonotonic behavior when expressed as a
function of the bulk Richardson number, Rib: for increasing Rib
(increasing stratification), Rif initially increases, reaches a maximum value Rif ’ 0.2, and later decreases (see for instance
[15,18,69,108,137]). Note that Rf can be negative in nonstationary
flows [104] or highly stratified channel flows characterized by
higher countergradient fluxes [18], while it can exceed unity for
high gradient Richardson numbers [45]. More appropriate definition of the mixing efficiency based on irreversible mixing and viscous dissipation of the turbulent kinetic energy are available (we
refer the reader to the review paper by Peltier and Caulfield [137]
on this topic).

5.2 Strongly Stratified Turbulence. Differently from the
weakly/moderately stratified regime, for which reliable theories
and parametrizations exist, the case of strongly stratified
wall-bounded flows remains more elusive. As documented in an
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important sequence of DNS studies and experiments
[14,45,69–71,77,122,124], in strongly stratified conditions buoyancy effects becomes so strong to influence not only the flow
region far from the boundary, but also that close to the boundary.
Under strongly stratified conditions, near wall turbulence collapses leading to the corresponding appearance of long laminar
patches. Figure 9, taken from Brethouwer et al. [70], shows contour maps of the streamwise velocity monitored in a horizontal
plane parallel to the boundary and located at a distance of 10 wall
units. The results refer to different stratification levels, namely
Res ¼ 80 and Ris ¼ 0 for panel (a), Res ¼ 113 and Ris ¼ 38 for
panel (b), Res ¼ 192 and Ris ¼ 273 for panel (c), and finally
Res ¼ 334 and Ris ¼ 985 for panel (d). While for unstratified conditions, the typical near wall structure consisting of low and high
speed streaks is recovered, for strongly stratified conditions laminar regions emerge within a network of turbulent patches. The distribution of these turbulence patches may change from case to
case, ranging from irregular to randomly distributed patterns, up
to inclined stripes [45,69–71,77]. The distribution of laminar and
turbulence patches influences in a complex fashion also the structure in the bulk of the flow. For smaller Res, laminar regions span
vertically the entire domain depth, whereas for larger Res laminar
regions seem more confined to the wall, with the interior part of
the domain remaining turbulent [69,70].
The problem of turbulence collapse under strongly stratified
conditions has been originally analyzed using field measurements
at high Re. The stability parameter introduced to characterize the
tendency of the flow to suppress turbulence motions and to enter
the laminarization process was based on the Monin–Obukhov
length scale LMO. Based on the data obtained by the microfronts
experimental campaign [138], Mahrt [139] proposed d/LMO ’ 1,
with d the thickness of the turbulent boundary layer, as a threshold
value between the weakly and strongly stratified regimes. A
slightly different threshold value, d/LMO ’ 0.5, was instead proposed by Hogstrom [140] reviewing data from different experimental campaigns. Performing a series of wind tunnel
experiments at fairly high Reynolds numbers (Res ¼ 1000/4000),
Ohya and coworkers [122,124] found larger values of the critical
parameter h/LMO(h/LMO ’ 5 for smooth surface, h/LMO ’ 2 for
rough surfaces) for the onset of turbulence collapse. In this case,
the tunnel height h was taken as reference. According to the
measurements done during the field program CASES-99 [100],
flow intermittency starts at d/LMO ’ 3, while total turbulence
suppression at the ground occurs for d/LMO ’ 103 [141]. Few
years later, Nieuwstadt [14] performed DNS of strongly stratified
flow inside an open channel at Res ¼ 360 and presented evidence
for relaminarization for h/LMO ’ 1/2 (with h the half channel
height).
The lack of precise values of h/LMO (or d/LMO) to determine the
onset of turbulence collapse indicated that h/LMO was not the right
parameter for the scope. The issue was solved only recently by
Flores and Riley [77], who argued that the laminarization process
is intimately linked to the dynamics of the near-wall structures
and should therefore scale with inner variables (rather than with
outer variables). Instead of using the h/LMO criterion, Flores and
þ
Riley proposed the adoption of the Lþ
MO criterion, where LMO ¼
LMO us = is the Monin–Obukhov length scale normalized in wall
units. With the new rescaling, a threshold value Lþ
MO ’ 100 was
found for turbulence to collapse [77]. The criterion for turbulence
collapse proposed by Flores and Riley [77] was later confirmed by
Deusebio et al. [69], who however slightly modified the estimate
for the critical value to Lþ
MO ’ 200. Interestingly, they also
noticed that the appearance of local flow laminarization does not
have a significant effect on the value of the overall mixing efficiency, possibly due to the simultaneous reduction of both buoyancy flux and shear production (their ratio remaining almost
constant). It is worth noting that the choice of the domain size in
numerical simulations of strongly stratified turbulence is even
more important than for weakly/moderately stratified flows (see in
particular the discussion in Refs. [45] and [70]).
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Fig. 9 Contour map of the streamwise velocity ux on a horizontal parallel plane located at 10 wall units from the wall. Panels
are as follows: panel (a) Res 5 80 and Ris 5 0; panel (b) Res 5 113 and Ris 5 38; panel (c) Res 5 192 and Ris 5 273; panel (d)
Res 5 334 and Ris 5 985. (Reproduced with permission from Brethouwer et al. [70]. Copyright 2012 by Cambridge University.)

6 Influence of Stratification on Macroscopic Heat and
Momentum Transfer Rates
In this section, we review one of the most fundamental problem
that attracted attention of researchers due to its practical and technological importance: how heat and momentum transfer rates are
modified by stratification in a turbulent channel. Heat and momentum transfer rates are commonly quantified by the Nusselt number, Nu, which measures the convective to conductive heat
transfer ratio, and the friction factor Cf, which measures the shear
stress to the kinetic energy ratio. Here, the following definitions
are used [45,116]
8
2q h
>
>
> Nu ¼ w
<
kDT
(18)
2sw
>
>
> Cf ¼ 2
:
qub
where qw is the wall heat flux. The results obtained from both
numerical simulations [6,35,44,45,116] (filled symbols) and
experimental measurements [119,142] (open symbols) for Nu and
Cf are shown in Fig. 10 as a function of the shear Richardson number Ris. As was originally reported in experiments [118,119], and
later confirmed by simulations [18,44,45,75,116], stratification
reduces wall-normal heat and momentum transfer rates compared
to the neutrally buoyant case (Ris ¼ 0), since the potential energy
toll required to stir the mean shear increases for increasing stratification [45]. Based on their DNS database, Garcıa-Villalba and del

Alamo
[45] noticed that the bulk Richardson number scales as
Rib / Ri2s =3, and considering that Cf/4 ¼ Rib/Ris, they finally
obtain Cf / Ris1=3 . This scaling law is also shown in Fig. 10(a).
Although at present a proper theoretical justification for this law is
still missing, it seems to predict fairly well the behavior of Cf
even for larger Reynolds and Richardson number.
Differently from Cf, for which all gathered data seem to collapse onto a unique functional relationship Cf ¼ f(Ris), for the
Nusselt number this collapse is not recovered. In particular, the
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available literature results indicate that the Nusselt number
increases for increasing Res, as indicated by the arrow in
Fig. 10(b). We remark that a universal parametrization of Nu for
stratified flows is still to be obtained, with current estimates being
based on the value of the transfer coefficients obtained from the
unstratified case [116].

7 Recent Results on Non-Oberbeck–Boussinesq
Effects
When stratification is characterized by non-negligible variations of the fluid properties, predictions obtained with the OB
approximation may be largely inaccurate, with correspondingly
different flow phenomenology. Indeed in this case, if the fluid is a
gas, compressibility effects will become more important than
other effects, whereas if the fluid is a liquid, effects due to
temperature-dependent variations of viscosity, thermal expansion
coefficient, and specific heat will be predominant. It is clear at this
stage that the balance equations describing the flow are different,
as discussed in Sec. 2. In this section, we review relevant studies
that analyzed stratified wall-bounded turbulence with several
approaches that are not based on the OB approximation. Because
these approaches are not unified and are based on different
hypotheses, we follow the general custom and we define all these
approaches NOB.
Garg et al. [44] were among the first performing LES of an
open channel and assuming temperature dependent viscosity and
diffusivity. Due to the low influence of temperature on the thermophysical properties of air, flow changes were however rather
limited. Later, Lessani and Zainali [143] used a Low-Mach number approach to perform LES of an air flow (Pr ¼ 0.71) inside a
closed channel at moderately Reynolds number Res ¼ 180 and
considering a wide range of temperature ratio between the hot and
cold wall, from 1.01 to 6. In this case, the nonuniform distribution
of the fluid properties (in particular at the largest temperature gradients), induced a strong flow asymmetry characterized by local
flow laminarization near the hot wall. This of course had
JULY 2018, Vol. 70 / 040801-11

Fig. 10 Panel (a) behavior of the friction factor Cf as a function of the shear Richardson number Ris. Panel (b) behavior of the
Nusselt number, Nu, as a function of the shear Richardson number Ris. Data are gathered both from numerical [6,35,44,45,116]
(filled symbols) and experimental studies [119,142] (open symbols).

implications on the heat/momentum transfer rates and on the mixing efficiency.
A problem that is attracting increasing interest is the heat transfer process in a turbulent flow of supercritical carbon dioxide
(sCO2). Bae et al., [40,144] simulated the heat transfer for sCO2 at
8 MPa in a pipe and annular geometry at bulk Reynolds number
Re ¼ 5400/8900, with gravity parallel to the wall. These authors
report a significant influence on velocity and shear stress profiles
as well as decreased vortical motions near the heated surface.
Since streamwise vortices play a key role in the self-regenerating
process of near-wall turbulence [145,146], their modulation
remarkably influences the entire flow phenomenology. More
recently, Nemati et al. [42] and Peeters et al. [147] focused on a
similar flow configuration, though at bulk Reynolds number,
Re ¼ 8000. Statistics of turbulent shear stress, turbulent heat flux,
and turbulent kinetic energy were found to depend strongly on the
nonuniform distribution of the material fluid properties. Figure 11,

taken from Ref. [147], shows indeed the instantaneous distribution
of density, viscosity, and Prandtl number (all depending on temperature) in the annulus for the forced convection case (i.e., buoyancy is neglected, case II of Ref [147] shown in Fig. 11(a)) and
for the mixed convection case (i.e., buoyancy is accounted for,
case III in Ref. [147] shown in Fig. 11(b)). The results indicated
that production of turbulent kinetic energy was decreased near the
hot inner wall and increased near the cold outer wall.
When NOB effects are analyzed for liquids far from their critical point, density in the continuity equation can be considered uniform and constant, while the temperature variation of the other
fluid properties must be taken into account. This approach was
used by Zonta et al. [36,116] to perform DNS of a turbulent channel flow of water at moderate Reynolds numbers (up to
Res ¼ 180). In this study, the dependencies of the fluid properties
were implemented one at a time as a function of the local fluid
temperature. Such procedure allows explicating the importance of

Fig. 11 Distribution of density q, viscosity l and Prandtl number Pr of supercritical CO2
(sCO2) in a cross section of an annular pipe heated from the inner wall and cooled from the
outer wall. Panel (a) refers to the forced convection case (no buoyancy); panel (b) refers to the
mixed convection case (buoyancy is accounted). (Reproduced with permission from Peeters
et al. [70]. Copyright 2016 by Cambridge University.)
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the variation of each single property, one independently to each
other, on the overall NOB effects. It was explicitly shown that
high-viscosity regions hinder turbulence activity (possibly leading
to a local flow relaminarization), while low-viscosity regions promote turbulence activity. A temperature-dependent thermal
expansion coefficient was shown to produce an opposite effect
(reducing turbulence when larger, while promoting it when
smaller). From the previous overview, it is apparent that NOB
effects depend strongly on the employed working fluid, since gradients of a specific fluid properties can be dominant in one case
while negligible in others. In particular, for small Res, the effects
of large property gradients can overwhelm the effects of gravity.
In this case, the local Reynolds number (or its wall-normal gradient) can be used to describe carefully the near-wall turbulence
dynamics [148]. If the local Reynolds number decreases away
from the wall (air flow over cold surface), then coherent structures
are sustained; by contrast, when the Reynolds number increases
away from the wall (water over cold surface), a higher intercomponent energy transfer is likely to occur. All the investigations performed under the OB approximation have contributed to
provide a general framework to deepen our understanding of wallbounded stably stratified Turbulence. And this framework is an
important point to start examining effects that are not here comprised. Elaborating a bit further, whereas the values of the dimensionless numbers are fully representative of the physical instance
examined under the OB approximation, this is not the case when
the OB approximation is trespassed: in this case, it is in fact necessary to fully specify not only the values of the reference physical properties involved (q0, l0, cp,0, etc.) but also their
dependency on the main state variables (i.e., p and T).
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stimulate a number of subsequent simulations performed to investigate numerically these limits.
A large proportion of the papers reviewed is based on the OB
approximation: in this way, the governing balance equations are
greatly simplified, and relevant numerical simulations have been
able to reveal important features of stratified turbulent flows.
However, the range of validity of this approximation cannot be
stretched without incurring into possible wrong predictions, and
more complex non-Oberbeck–Boussinesq approaches must be
employed. In these approaches, the thermodynamic variables vary
as a function of temperature and/or pressure, hence requiring ad
hoc numerical treatments. The low-Mach number and the incompressible non-Oberbeck–Boussinesq approximations are more and
more employed to these purposes, and have recently been used to
discover important features of wall-bounded turbulent stratified
flows. The more important points are summarized in Fig. 12.

Conclusions

The status of current understanding of wall-bounded turbulent
stratified flows has been reviewed in this work starting from the
first important contributions appeared in the fifties [21,25]. In this
type of flows, there is a competition between inertial and buoyancy forces, and it is customary to use this inertial and buoyancy
forces balance to classify such flows: when inertial forces dominate over buoyancy forces—the weakly/moderately stratified
case—turbulence is actively sustained near the boundary, whereas
we observe the appearance of large nonturbulent wavy structures,
called IGWs, far from the boundary. This regime is by and large
the most investigated regime, bearing important consequences in
a number of environmental and industrial phenomena. When
buoyancy forces dominate—the strongly stratified case—their
influence reaches down to the boundary, and in extreme conditions can lead to complete suppression of the turbulence regeneration cycle [145,146]. However, when buoyancy forces are not
sufficiently strong to fully suppress the turbulence regeneration
cycle, these flows can exhibit intermittent turbulent patches and
patterns which have been given attention in recent papers.
The complex mutual interactions between inertial, buoyancy
and viscous forces in wall bounded stratified turbulence gives rise
to a number of length scales relevant to describe the observed phenomena. In addition to the usual Kolmogorov scale used to measure the minimum size of eddies that can be sustained by
turbulence without being dissipated by viscosity, wall bounded
stratified turbulence can be characterized by the Ozmidov scale,
which estimates the size of the smallest eddies influenced by buoyancy. Naturally, in regions where the Ozmidov scale is larger than the
Kolmogorov scale, the flow is turbulence-dominated, and this usually
happens near the boundary. In regions where the Ozmidov scale is
smaller than the Kolmogorov scale, the flow is buoyancy-dominated,
and this usually happens far from the boundary.
In the framework of this work, we also considered important to
review early predictions based on the linear stability analysis
[67,68], which have been used to estimate the maximum level of
stratification for which turbulence is still active and not completely suppressed. These analyses have been also instrumental to
Applied Mechanics Reviews

Fig. 12 Summary points at a glance
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But the Reynolds number in the available studies is yet too small
to satisfy the urge for answers posed by full-scale environmental
and industrial phenomena. There is in fact no absolute certainty
that low Reynolds number simulations results can be upscaled to
the relevant scales of the real phenomena, especially in oceanic
and atmospheric instances. We envision a bright future for the
largest exa-scale DNS to be run on the present day available big
supercomputing facilities. These will allow for systematic investigations in the parameter space for a tenfold increase of the relevant dimensionless numbers. The large-scale databases produced
within the new computational environment will definitely help
LES to build long desired and reliable subgrid scale models. We
believe that RANS also benefit from these new databases to
develop buoyancy-influenced turbulence closure laws.
Although the Oberbeck–Boussinesq approximation has always
been a powerful tool to resolve the first doubts in stratified wall
turbulence, computational tools are available to explore such
flows under the non-Oberbeck–Boussinesq approach. This
approach is inevitable when large temperature gradients exists
and/or when the focus is on phenomena occurring at large vertical
scales.
Further attention is required by physical situations in which the
fluid density depends on two scalar fields (double diffusive convection). These complex situations are ordinary occurrences in
oceans, where temperature gradient is the stabilizing factor, and
salinity gradient produces instabilities. Different rates of temperature and salt diffusivity makes the fluid dynamics particularly rich
and hard to capture [149,150]. Although we did not cover these
problems in the present review, we consider DNS developments
for double diffusive convection of paramount importance for indepth physical environmentally relevant analyses.
Finally, and yet not covered in this present review, is the stratified rotating Ekman layer, which is crucially important for geophysical and environmental applications. In such flow instance,
buoyancy effects interact with rotational effects to produce complex and hard to predict physics [151–153]. The investigated
range of the governing parameters (Reynolds number, Richardson
number and Rossby number—for the rotation) is clearly too limited and must be extended.
This view on challenges and perspectives in the field of wall
bounded turbulent stratified flows is summarized in a graphical
way in Fig. 13 so to be captured at a glance by the reader.
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Future Issues

Although experimental, computational, and theoretical methodologies have provided us with plentiful data and insights in the
complex intertwined phenomena characteristic of buoyancyinfluenced turbulent bounded flows, the field remains rich in
future challenges.
In the framework of the numerical approaches, DNS has certainly provided to be the most generous source of information.
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