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Introduction

e Many flows carry tiny solid objects with a very small particle
Reynolds number (inertia-free limit).

e Geophysical flows : aerosols, sediments, etc.
e Industrial flows : chemical engineering, combustion, etc.

e In many cases particles are non-spherical: rods, platelets,
...complex orientational dynamics.



Axisymmetric ellipsoid or dumbbell in a simple shear flow

¢ In the absence of inertia and brownian motion, these particles have
periodic orientations (Jeffery 1922).

e Goal:
Investigate the stability of some orbits when triaxiality is present.
(See also Hinch & Leal 1979 ; Yarin et al. 1997).



Motion equations

¢ Tiny ellipsoid with semi-axes a, b, c, in flow 4.
e Angular velocity vector with respect to the laboratory frame: Q(t)

e Its components in a cartesian basis attached to the object:

Qx,Qy,Qz
o Jeffery 1922 (inertia-free object):
b’gzy — c*gyz
Q 1
X b2 + C2 ) ( )
c*gxz — a*gzx
Qy = 2
Y c2 + a2 ) ( )
a’gyx — b*gxy
Gz = a? + b2 )

where g = Vi
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Motion equations

The orientational dynamics is extremely complex: periodic motion,
quasi-periodic, chaotic (Yarin et al. 1997).

b2g9zy — c?gyz

4 sin O sin ¢ + 6 cos ¢ P (4)
. . 2 — 2
Psinfcosg — fsing = gii n Z2gZX, 4)

- ; a’gyx — b*gxy

Pcosh+¢ = 21 (6)

z
with gy = 91,](9) ¢: ¢) z
0
e Y
° y




Complex dynamics of non-spherical objects: examples
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Complex dynamics of non-spherical objects: examples
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Goal: re-visit the dynamics in vector form for triaxial

objects.

Axisymmetric object (¢ = b):
éx = Béx — (x.Béx)éx
where B = (a?V4 — c2V4T)/(a? + c?) (Hinch & Leal 1971).




Goal: re-visit the dynamics in vector form for triaxial

objects.

Axisymmetric object (¢ = b):
éx = Béx — (x.Béx)éx
where B = (a?V4 — c2V4T)/(a? + c?) (Hinch & Leal 1971).

— to be generalized to triaxial objects.
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The dynamics in vector form for triaxial objects.

Starting from the rotation vector of non-inertial triaxial object, and
since €x = Q) X €x:

2 2
C"gxz — @~ gzx Lo
Qy = gc2+a29 = —&x-€z, )
2 2
a“gyx — b°gxy . .
Leads to:
s _ algyx — b2gxy g c?g9xz — a’gzx 5
X a? + b2 Y ¢+ a? z

Eliminate gXZéZ = VﬁTéx — gXXé'X — ngé'y:
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The dynamics in vector form for triaxial objects.

Leads to:
(s =(vi+vaT)/2)

éX =f (é’y.SEX)é'y +Béx — (Ex.ng)EX
—_———

"triazial term”

where B = (a?V4 — c2ViT)/(a? + c?)

202(c2 — p2
and f, = a“(c* — b%)

(a? + b2)(a? + c?)’

Same treatment for éy:
€y = fo (gy.S§X)§X +Céy — (gy.cgy)éy
——— —

" triazial term”

where C = (b2V4 — c2VaT) /(b2 + c?)

2b%(c? — a?)
dfo = .
ndf2 = (2 1 b2)(52 4 )
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The dynamics in vector form for triaxial objects.

If

E=alt) & +B(E+DE

€Lab. Frame
ey =8(t) & +m(t)E +E()E
€Lab. Frame
then the dynamics in the plane of shear (a, £, §, ) is independent of
the the 2z (vorticity) coordinates (v, §).

4 degrees of freedom (not minimal) with cubic non-linearities.



The dynamics in vector form for triaxial objects.

Set:

€x = a(t)€m+ﬁ(t)€y+7(t)EZa )
By = 8(t)8 + n(t)E, + E(H)E (10)

then, the exact triaxial inertia-free dynamics is:

2
- - fi
& = b Jo®p + S (0B +ma), (D)
: C2 a® —c? 2, fi
p = — 3% gy @of 5B +na),  (12)
) b b2 —c? o f2
0 = pral paadn +t506B+maa, (3
2 p2 _ 2
= et O +E6E s, (1

b2+ c2 b2+ c?

periodic dynamics (J. orbits)
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APPLICATION: stability of orbit Y = 2, forall a, b, c

Ex(t) := No(t)+ Ni(t) and  &y(t):= & + Pi(t)

With: ﬁo = BN, — (JVO.BJVO)]VO (Jeffery orbit), then:

N; = —(No.BNy)Ny + fi(P1.SNy)E, + (quad. terms),(15)
P, = CP; + f,(P;.SNy) Ny + (quad. terms) (16)

are the departure from the J. orbit.



APPLICATION: stability of orbit Y = 2, forall a, b, c

Finally:

Ny = —(No.BNo)Ny + fi(Py.SNy)e, (17)
]31 = C]31+f2(]31.SJ\7‘0)J\70 (18)

o Of the form § = A(t)§ with A(¢) = A(¢t + T)

e Floquet theory: G(t) = 3=, C;e*i'p,(t), where p;’s are T-periodic
and exp(u; T') are the eigenvalues of the monodromy matrix M(T)
[ie. M = A(¢).M(t), M(0)=14.]

— Re(u;), if non-zero, indicates stability/instability of the orbit.
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Result: Floquet diagram of orbit Y = 2

Y Zf \Y
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Y
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c/a

axisymmetric
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i , unstable
0.2/

0.0 B
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(To be compared to Yarin et al. 1997)
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Result: Floquet diagram of orbit Y = 2

a=1 b=1, c=005
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Result: Floquet diagram of orbit Y = 2

] ’
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Result: Floquet diagram of orbit Y = 2

a=1, b=12 ¢=005
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Result: Floquet diagram of orbit Y = 2
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Result: Floquet diagram of orbit Y = 2

a=1 «¢=0.05
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Conclusion: bi-vector formulation for triaxial objects.

éx =f (é’y.SEX)éy +Béx — (Ex.ng)éx
—_———

"triazial term”

€y = f» (Ey.S€x)éx +Cey — (Ey.Céy)éy
e —

?triazial term”

B R 2a2(c? — b?)
B = (Vi - Van)/(e* + ) A= oy
2b2(c? — a?)

C = (b2Vi —c2vaT) /(b2 +c2); o=

(a2 + b2)(b2% + c2)

e Simple formulation, cubic non-linearities only. Allows a
straightforward application of Floquet theory. Low computational
cost !

o Perspectives: use the bi-vect formulation to analyze chaotic
dynamics (with Abdel Zalt, LUSAC-Cherbourg).

e Brownian objects, Fokker-Planck Eq. for PDF(€x;€y)
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