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PARTICLE CLUSTERS

SCHEMATIC OF RISER WITH MESH USED FOR SIMULATIONS

Macro-scale (cmm-m) Meso-scale (mm - cm) Micro-scale (um)
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1.1 MULTIFPARAMETER DESCRIPTION OF NON-SPHERICAL. PARTICLE
DYNAMICS
1.1.1 LAGRANGIAN EQUATIONS OF MOTION

1.2 TRANSLATIONAL DYNAMICS
1.2.1 FORCE MODELS (DRAG, LIFT)

1.3 KINEMATICS
1.3.1 FRAMES OF REFERENCE
1.3.2 TRANSFORMATION MATRIX
1.3.3 QUATERNIONS

1.4 ROTATIONAL DYNAMICS
1.4.1 ROTATIONAL TORQUE
1.5 EXAMPLE: RIGID FIBERS IN (DILUTE) TURBULENT CHANNEL FLOW

1.6 HOMEWORK
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" THE POINTWISE APPROXIMATION -

University of Udine

THE SIMPLEST APPROACH TO DEAL WITH NON-SPHERICAL PARTICLES IS TO
DESCRIBE THEIR TRANSLATION AND ROTATION WITH A “LUMPED-VARIABLE”
MODEL

BASICALLY, OUR PARTICLE IS A LAGRANGIAN POINT MOVING IN A 3D SPACE.

FINITE-SIZE EFFECTS ARE NEGLECTED.
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OF PARTICLE MOTION -

Multiphase FIow :
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. TRANSLATIONAL DYNAMICS (ENOUGH FOR A SPHERICAL PARTICLE)

m, dt EF =F,+F,+F +F, +F,, +F; +...

° ROTATIONAL DYNAMICS (NEEDED FOR A NON-SPHERICAL PARTICLE)

X dt l X,1 y
dw
{1, dty = E T, +o,0, (I -1.)
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MODELLING FORCES FOR
NON-SPHERICAL PARTICLES
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CONSIDER TRANSLATIONAL DYNAMICS FIRST.

ONE OPTION IS TO ASSUME CREEPING FLOW CONDITIONS.

FOR DRAG: f =

F, (7», Re,

—0)

3 peu

A

f

M

CYR)V (1-2)

@ -Dhla+V2 -1
_ -2

p_a

\

AN

@/HX(X-1)
L CE -3+ V2 -1
Ji2 -1

fu =

i

XRe %O) 3fbdpuf(u

'fxn TU 'fu)

rel ||

WE NEED FORCE MODELS THAT ACCOUNT FOR SHAPE AND ORIENTATION .
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FOR AN ELLIPSOID:

F, (h, Re — O)= 3ﬂdpuf(u

1, + U o’ t,, + U f, 5 )

rel, 1

FOR A SPHEROID: fM = Al AND o = Lz =fM

NOTE 1 - MINIMUM DRAG SHAPE IS OBTAINED:

. FOR A SPHERE AVERAGING OVER ALL ORIENTATIONS

. FOR A PROLATE SPHEROID WITH A=1.955 FOR A STATIONARY
ORIENTATION (PARALLEL TO THE AXIS OF SYMMETRY)

NOTE 2 — CREEPING FLOW CONDITIONS HOLD IF.

urel,l = uf@p - Vp = O

(SMALL SLIP VELOCITY)

AND/OR IF; dp << M

(SMALL PARTICLES,
YET NOT BROWNIAN ...)
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FOLLOWING BRETHERTON (1962), BRENNER (1964, 1965, 1972), AND
GALLILY & COHEN (1979):

| O (k, Re — O)= o K- (uf@p - Vp)

WHERE K = TRANSLATIONAL RESISTANCE TENSOR FOR
ARBITRARY-SHAPE PARTICLE IN ARBITRARY FLOW FIELD

BY ANALOGY, THE SHEAR-INDUCED LIFT FORCE MODEL IS:.

F (Re %O,/l) 2 2 _
C. =_L 7 JU a )
S L T _>FL(7\‘?R6 %O)= = F'L'(uf -V
7pure17d p @p P
2 4 ° NV
~1/2
WITH: I = auf@p,i : auf@p,i
X 0x;
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MODELLING FORCES FOR e
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i M NON-SPHERICAL PARTICLES ]

TENSORS K AND L CAN BE CONVENIENTLY EXPRESSED WITH RESPECT
TO A FRAME OF REFERENCE WITH:

. ORIGIN AT THE PARTICLE CENTER OF MASS

* AXES BEING THE PRINCIPAL AXES OF THE PARTICLE
THE “USUAL” APPROACH IS TO CONSIDER:

1. INERTIAL FRAME X=[X,Y,Z]
2. PARTICLE FRAME X'=[X",Y",Z'] y

(o]
3. CO-MOVING FRAME X"=[X".Y".Z"] X
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MODELLING FORCES FOR il
NON-SPHERICAL PARTICLES ]

_ (1-2) \
Y @R -nhlp+E -1)
VA -1

(A -1

0.00 0.00

ke 0 0] g ke
K=|0 k, 0

0 0 k| N k.-
~ [0.0501 0.0329 0.0 °
L'={0.0182 0.0173  0.00

0.0373

L eF ~3)na+ V2 -1)

VA -1

NOTE:. FOR A SPHERE THE
ORIGINAL SAFFMAN
MODEL IS RECOVERED
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RIGID BODY KINEMATICS
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How To co From K'to K 2

K(iﬁﬂ-ﬁf’) — R.Zu.lK,Reul T

WHERE R, = ROTATION MATRIX,

OBTAINED FROM THE EULER ANGLES:

° NUTATION:

6 €[0: 7|

«  PRECESSION: 2 A
¢ € [0 : 27|

« PROPER ROTATION: O
v € [0 : 27| X

/ !/
X = RpwXx
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RIGID BODY KINEMATICS -

Multiphase Flow

cosp sing 0
Ry = | —sinp cosp 0
0 0 1| r .
- =11 0 0
Ro=1 0 cos# sin ¢
7 Op — »
0 —smé# cost i ‘ . ) y
L . costy  sinyr 0 | X
Rz = | —sinv» cosvr 0 » N

0 0 1

PHYSICAL INTERPRETATION: COLUMNS ARE THE “WORLD” SPACE DIRECTIONS THAT THE “BODY”
SPACE AXES TRANSFORM TO.

ISSUES:. LOSS OF ORTHONORMALITY (MATRIX MULTIPLICATION), GIMBAL LOCK (MATRIX SINGULARITY)

cos Y cos  — cos @ sin @ sin ¥ cos @ sin @ + cos @ cos @ sin ¥ sin v sin @
REul — —sin®ycosp —cosfsinpcosy —sinysing + cosf cospcosy  cosy cosl
sin @ sin @ —sin # cos @ cos

R —— ReulR = ReulR =1

eul eul eul — eul —
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RIGID BODY KINEMATICS -
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THE ROTATION MATRIX CAN ALSO BE WRITTEN
IN TERMS OF THE EULER PARAMETERS (AKA
QUANTERNIONS):

1 | (0)
® ¢g=cos|=(1+ )| cos 3

o ¢1 =cos |[—(1)— )| sin

S
N—

e €2 =-sIn sin

D o

|
N N

NOTE: QUANTERNIONS DO NOT SUFFER
FROM GIMBAL LOCK PROBLEMS
(BUT REQUIRE NORMALIZATION...)

(¢ + )| cos

2 2 2 2
o € — €] — €5 — €3 = 1

® ¢3=sin

= - o= o
—
~
|
AS)
—

ed+et—e5—e3  2(erea + epes) 2(e1es — egpes)

Rew = 2(e1es —epe3) e —el+e3—e3  2(eses + eper)

2(e1e3 + epea) 2(ese3 —ege1) €5 —ei —es + €3
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RIGID BODY KINEMATICS -

Multiphase FIo
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THE ROTATION MATRIX CAN BE EVOLVED
IN TIME USING THE FOLLOWING SET OF
ODEs FOR THE 4 QUATERNIONS:

/6'0\ €0 —€1 —e€3 €3 ( 0 \

€1 €1 €0 —€3 €92 W

| —

€9 €y €3 €0 —€q

Wy
\63) e3 —es €1 € \wz/)

THAT REPLACE THE EULER KINEMATIC EQUATIONS:

. sin v cos Y i \
& , cost) 0| [ wo
sin 6 ¢ sin 6 \

COS U —siny y % SINGULARITIES
0 —sinycosd 05’70@_%5;—;7’ MAY ARISE!!!
sin 0 sin 0 z’ /

.
I
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RIGID BODY KINEMATICS
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IN SUMMARY, COMPUTE THE RESISTANCE
TENSOR IN THE PARTICLE FRAME AS:

F:irag — WTCLI:{/(U/ o V/)

THEN APPLY THE TRANSFORMATION
FROM THE PARTICLE FRAME TO THE
INERTIAL FRAME;

Fdrag = R_ R aReulI_(,(u, — V’) =

eul dra_/ eul draJ

praRY K'(Rewt — Rewv) = praRY K/ Rewi(u — V)

TO GET.

Fd-ra.g — /1'7‘_(1"K(99.0.'u;')(u — V)
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RIGID BODY KINEMATICS

2 2 .
THa +lk-1K)
F =" 0T K LK (p——.
NOTE THAT:

LIFT FORCE IS NON-ZERO AT ANY NON-ZERO SHEAR RATE

2
FL L A 1.E. THE SEMI-MINOR AXIS OF AN ELLIPSOID SQUARED
THEREFORE LIFT COUNTS FOR LARGE PARTICLES

DERIVED FOR UNIDIRECTIONAL SHEAR
NO WALL EFFECTS INCLUDED (ONLY AVAILABLE FOR SPHERES)

IN GENERAL, VERY LITTLE EFFORT DONE TO LIFT FORCE MODELS FOR
NON-SPHERICAL PARTICLES
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“FINAL” EQUATION OF i ety CosT s
TRANSLATIONAL MOTION -
INERTIA DRAG
a’vp —
m, —dt = umaK (goy) (uf@p v, )+

LIFT BUOYANCY

PLUS P _— vy TOCOMPUTE PARTICLE TRAJECTORY
p

dt
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ROTATIONAL DYNAMICS -
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START FROM THE 2NP CARDINAL EQ. OF DYNAMICS IN THE PARTICLE FRAME.;

(
Lyrgrwer + wy’wz’(IZ’z’ o Iy"y’) — *M;'St
\ Iy/y/u.}y/ + Wt ot (_[zlzl — [;17';7:’) — A[;’,St

\ IZIZ,LL’ZI T wl’/wy'(]’y'y' — II’;‘IJ') — JI;?;ST

NOTE - IN THE PARTICLE FRAME THE INERTIA TENSOR IS CONSTANT.:

(1 + \?)a?
I‘I’ r! — -[y’ Yy — - mp
5
2a°
l.r .o = —mp
5
4 Y
with: mp = | =mwa® ASpp X

3
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ROTATIONAL DYNAMICS -

THE HYDRODYNAMIC TORQUE ACTING ON THE PARTICLE WRT THE PRINCIPAL
AXES OF THE PARTICLE IS COMPUTED USING JEFFERY'S FORMULATION:

167 a \ -
~ rJe f
Mo = gy (1= X+ (L4 W)(E — )

o Je 167 pua’ \ ‘ 5 ]
My = o e S [OF = 1+ (L )0 — )

VjIerf _ 327 pa> \ N )
A 3(B0 + o) ©

S

WITH PARAMETERS (GALLILY & COHEN, 1979):
A—VAZ-1
INZVAZ — 1+ A-In </\+W——>
2(A\2 —1)3/2
VoL
2\//\> T+ A ln( m—)
(A2 —1)3/2

g = ;:30 p—
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ROTATIONAL DYNAMICS T —
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THE HYDRODYNAMIC TORQUES DEPEND ON THE ELEMENTS OF

. RATE OF STRAIN TENSOR:

r Ol 8 /
1 8‘11@ U 4
S’Lj — 5(8193, —|_ 9131) 3

, 1 8uw
| 73 835’
e RATE OF ROTATION TENSOR;
= ¢ — 1 8uz @uy
2
o 10w OujN | 2 au”"_

QZQ o 5(8$3 8%1) g ( 83:’

OUyr OUyr

I x’ Y
v=3(% - )

COMPUTED IN THE PARTICLE FRAME: G’ = R,,,GRZ,,
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CAVEAT. HOW ACCURATE IS JEFFERY'S FORMULATION?

02r or
Bl -0.002f N
o 0.004}
CHANNEL i : ASRRKRSNSNSNNNNS WSANRANNNS :
L —_ L
CENTER... 02¢ S -0.006
F +
03 @ $2a A 2at\
04f = = T .
L —
st 7T | ——e— 0.1 |77
1 05 0 05 —a— 108
zl
FESY — 3.6
—— 18
004 36
0.02 ea———y 0.02}
) >S5 »—» L
NEAR THE u 0 =S o= cmamarvan =
- [
WALL... [
0.02 -0.02F
+ I
0.04 @ iQa A 004 = n
..... i = <====51012a
_0_%1||1 T N TR T T I T O T T | _0.06-||1|I|| 1 1 1l J
- 0 05 1 1 05 0 05 1
zl zI
at at

INSTANTANEOUS VELOCITY GRADIENT ALONG THE FIBER AT VARYING ASPECT RATIO
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ROTATIONAL DYNAMICS -

University of Udine

CAVEAT. HOW ACCURATE IS JEFFERY'S FORMULATION?

Jeffery 2z’ component

RELATIVE RMS NORM: 10°-
—>d —>C 2 ; .....
. E_(MJ,i—MJ,i) I
a —c i (S |
‘MJ_MJ = — . D) 10‘1:_ '}/ |
E'(Mj,i) — - |
l it !
R m & . plateau
- |
| 107 7 |
SEaN - |
1 - |
= i power law |
L sk |
10°F" - |
AR St=1 |
S St=5 :
INSTANTANEOUS VELOCITY GRADIENT o & St=25 B o
ALONG THE FIBER AT VARYING ASPECT - o° .

RATIO AND INERTIA.
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DIMENSIONAL EQUATIONS -

(
Kinematics :
dX(G)
dt
) 1
€y = 5(—610)17/ — €Wy — €3Wy)
) 1
€1 = 5(600)33/ — €3Wy + Gngl)
) 1
€y = 5(63&)33/ + epwy — €1wz/)
¢ . 1
Dynamics :
dv =
THPE = (mp —mp)g + K (cp.e1.e0.e3) ° (u—v)
. rJe
I:r,’:r,’wx/ —l_wy’wz’(lz’z/ — I,y/,y/) = ]\/[xlf’ff
. rJe
[y/y/wy/ —I— waz’wz’(lz’z’ — I:U’J:’) = ]\/[y/eff
. rJe
Izlzlwzl + w:,;/wy/([y/y/ — Ia:’:c’) = ]\/[Zlf’ff
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FIBERS ARE MODELLED AS NON-DEFORMABLE PROLATE ELLIPSOIDS EVOLVING
IN 3D TIME-DEPENDENT FULLY-TURBULENT FLOW (E.G. MARCHIOLI ET AL, 2010)

ASSUME.
* FIBERS SMALLER THAN THE SMALLEST FLOW SCALE

> POINTWISE - : i
e ?’.i'.//,/. *

> STOKES REGIME S
« DILUTE FLOW e
> NO TURBULENCE
MODULATION
> NO COLLISIONS

~“In-sweep , *

L] "
2 ( Ejection e
o ° )
o
L

z=h

No-slip Walls

z=-h

FIRST. WORK WITH NON-
DIMENSIONAL EQUATIONS!

a_{__i_(IUT X+—£:XUT

dy v 0y % o

W 4 Ui L wev WITH ur = /— | THE SHEAR VELOCITY
t‘f‘ — T ’UZ. = —_— . wi/ — ,0

Y Uy u2
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COMPLETE SYSTEM OF A
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NON-DIMENSIONAL EQUATIONS -

Multiphase FIow

( Kinematics : L a  aug +_ X _ XUr
aqa = — = , X == =
dXZLG> + K o 5 .
— v 2 Vi Wi’V
dt 1-+:tu_7' U;}_:_L~wj/—: :

deo 1 N . . y Ur u2
att 5(_610%/ — oW, — €3w,)) -

de 1

dt% _ §(€0w;§ — e3w,, +eaw’))

de: 1

dt_j’ = 5(6’30);—/ + GOCU;—/ - 61("):—’)

d€3 1

< = 5(—@2%“; -+ 61w;; + eowj/)

Dynamics :

arr = T B g Kevenee (0T 2V

dwlfi 2 20 [(1 = M)+ (1L + X)) (€ —w))]

= wyw (1= 5 | T+ 2 5 2

dt : L+ A\ (a0 + A*70) (1 + A%)Sa™*

. , 20 [V~ 1)g' + (2 + )0 — )]
dt 1+ A\ (a0 + A%790)(1 + A2)Sa™

dw?, 20

s 5 (X/ - w;)
L dt+ (QQQ)SCL+
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{RIGID FIBERS IN WALL TURBULENCE -

University of Udine

THE PHYSICS OF THE PROBLEM IS CONTROLLED BY A SMALL SET OF
PARAMETERS:

e TURBULENCE

o o e e .
Clockwise — *
- :
vortex "o

FLOW REYNOLDS R
Cr
NUMBER v

4
*"In-sweep , *
Ejection e/

* FIBERS
No-slip Walls
ASPECT RATIO A::é
(SHAPE) a
_ P
SPECIFIC DENSITY O = %;

RESPONSE TIME Gy TP TPU;
(INERTIA) TE v
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RESPONSE TIME FOR NON-SPHERICAL PARTICLES:

« SHAPIRO & GOLDENBERG (1993) ASSUMED ISOTROPIC PARTICLE
ORIENTATION AND USED THE AVERAGED MOBILITY DYADIC (INVERSE
OF THE TRANSLATION DYADIC)

_AASat( 1 1 1) _2ASa 1n(>L+\/x2—1)
9w k. k. k., N 2 1

X'X y'y zz

T

e FAN & AHMADI (1995) USED THE ORIENTATION-AVERAGED TRANSLATION
DYADIC

42Sa’
T, =
vk, +k,,+k,,)
2
2Sa
IN THE A=1 LIMIT (SPHERE), BOTH REDUCE TOl,, =
14 832

ELLIPSOIDS ALSO HAVE A ROTATIONAL RESPONSE TIME (EQUAL TO T, = ——
FOR SPHERE) BUT NO EXPRESSION HAS BEEN PROPOSED SO FAR. 15v
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RIGID FIBERS IN WALL TURBULENCE -

Multiphase Flow

University of Udine

ROTATIONAL RESPONSE TIME FOR ELLIPSOIDAL PARTICLES:

* ROTATION AROUND Z'IN THE FIBER FRAME.

dw?, 20 1 apSat?
— = QAUJZ:TACUZ — T:_Z,ZO—
dt+ (Oéo + lyﬁo)S(L*—‘ Tyot ’ 10
* ROTATION AROUND X OR Y’'IN THE FIBER FRAME:
+ 2 2
dw,, et 2 ) 200\ —1) it 200\ + 1) Awt
dtt TEAL A+ N (o0 + A270) (1 + A2)Sat?” (g + A2y) (1 + A2)Sat? Y
A B e
2
(v + A 0) 2
= | Ty = 20 Sa™" =T,
* ASSUMING ISOTROPIC ORIENTATION WOULD YIELD:
1 2000 + A2~ 3
+ _ L 0 10 _|_2 L ==
T = —(Tp ot +Tpay +Tror) = Sa™" = —717 VA
T 3( T, Yy rz ) 30 10 P
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{RIGID FIBERS IN WALL TURBULENCE -

Multiphase Flow

’ University of Udine

POSSIBLE SIMULATION PARAMETERS FOR A TEST CASE CALCULATION:

* FLUID Re; | Fluid | pp [kg/m?] | v [m?/s] | hem] | ur [m/s] | uz [m/s]
150 | Air 1.3 1.57-107° 2.0 0.11775 1.77
150 | Water 1000 1.00-107° 0.5 0.03000 0.45
e PARTICLES Set 7 A ) 2b* (um) (kg/m?)
Fl-1 1 1.001 34.72 0.72 96.07 45.14
F1-3 1 3 18.57 2.16 287.93 24.14
FI1-10 1 10 11.54 7.20 960.09 15.01
F1-50 1 50 7.54 36.00 4800.01 9.80
F5-1 5 1.001 173.60 0.72 96.07 225.68
F5-3 5 3 92.90 2.16 287.93 120.77
F5-10 5 10 57.70 7.20 960.09 75.01
F5-50 5 50 37.69 36.00 4800.01 49.00
F30-1 30 1.001 1041.70 0.72 96.07 1354.21
F30-3 30 3 557.10 2.16 287.93 724.23
F30-10 30 10 346.30 7.20 960.09 450.19
F30-50 30 50 226.15 36.00 4800.01 294.00
F100-1 100 1.001 3472.33 0.72 96.07 4514.03
F100-3 100 3 1857.00 2.16 287.93 2414.10
F100-10 100 10 1154.33 7.20 960.09 1500.63

F100-50 100 50 753.83 36.00 4800.01 979.98
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§ RIGID FIBERS IN WALL TURBULENCE -

Multiphase Flow
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QUALITATIVE RESULTS. ANIMATION OF COLLECTIVE FIBER MOTION AT RE=150

Fiber parameters: St =30, A=10,a*=0.36
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IGID FIBERS IN WALL TURBULENCE -

QUALITATIVE RESULTS. FRONT VIEW

Fiber parameters: St =30, A =50, a* = 0.36

1'=5, t'=1056 1"=30, t'=1056
25

—— X=1.001
o— A=3

1—=— 2=10

—5— A=50
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RIGID FIBERS IN WALL TURBULENCE -

Ul ST SE PR RS e
i e e AR
Eo R -

i

e
ey

[ s

e
L/

7 s

5 2.

' SRR : }‘ui.‘ LR

e é‘ i “' ) ) ';\!;\‘ \\;.\\\. VAN "a;\\'\‘ A

&R e o g \
i AR PO

A : = S
Fiber parameters: St

1"=5, t*=856-1056

S
7]
o
o
u )
%093@;5&8&5
L LT T,
05 . 28 8gH
0.4 1 1 1 1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
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EXAMPLE: DILUTE SUSPENSION  seimnor o
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{RIGID FIBERS IN WALL TURBULENCE -

Multiphase Flow

QUALITATIVE RESULTS. TOP VIEW

Fiber parameters: St =30, A =50, a*=0.36
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RIGID FIBERS IN WALL TURBULENCE -

Fiber parameters: St =30, A =50, a* =0.36
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RIGID FIBERS IN WALL TURBULENCE -

Multiphase Flow

Fiber parameters: St =30, A =50, a* =0.36
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Science and Technology

IN CELLULAR FLOW FIELD -

e University of Udine

The settling of nonspherical particies in é cellular flow field

R. Mallier and M. Maxey
Division of Applied Mathematics, Brown University, Providence, Rhode Island 02912

Phys Fluids A 3 (6), June 1891

] dX

1 g V(t)=;,—;=u(X(t),t) + Wi (gm)m + W,[ § — (g-m)m].
(1) =3 o(X(2),8) + DmX (E'm)

Y= UpL sin(x{/L)sin(x,/L)

/J

'V‘!;‘-'Sin ‘H"Xl COS TTX2 ~+- (W; — Wz)sinﬂ Ccos 6,

V2=‘- -~ COS TTXI sin ‘ITXZ -+ ,'Vz -+ (;Vl —_ Wz)sinz 8,

de
dt

=1 sin 7X; sin mX, — 2D cos 7wX, cos wX, sin 0 cos 6.
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[.1. A LAGRANGIAN FRAMEWORK FOR NUMERICAL. SIMULATION OF
NON-SPHERICAL PARTICLES DYNAMICS (IN DILUTE FLOW
CONDITIONS) HAS BEEN PRESENTED

2. EQUATIONS FOR PARTICLE TRANSLATION AND ROTATION WERE
DERIVED FOR PARTICLES WITH ARBITRARY SHAPE IN THE STOKES
REGIME (CREEPING FLOW)

[.3. THE RESULTING LUMPED-PARAMETER MODEL PROVIDES STRONG
MATHEMATICAL COUPLING BETWEEN TRANSLATION AND
ROTATION (DRAG AND LIFT DEPEND ON PARTICLE ORIENTATION)

L4. PARTICLE ROTATION CAN BE CONVENIENTLY DESCRIBED USING
THE QUATERNION FORMALISM

LS. EQUATIONS YIELD ACCURATE RESULTS IF PARTICLES ARE SMALL
(LIMIT ON ASPECT RATIO) AND/OR HAVE SMALL SLIP VELOCITY

LL6. MANY MODELLING ISSUES REMAIN OPEN (FORCE MODELS,
FORCE COUPLING SCHEMES, TORQUE COUPLING SCHEMES,
COLLISIONS, ..))
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