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        Premise: Multiphase flows are   
 

      multiscale --> hierarchic approach 
 
 

 

Particle Clusters 

Solid Volume Fractions 
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Global approach Simulation of flow  dynamics Dns/les: local 



Outline of Lecture 2 

 
 
 

 

1.1 Multi-Parameter Description of Non-Spherical Particle 
       Dynamics 

 1.1.1 Lagrangian Equations of Motion 
 

1.2 Translational Dynamics 
 1.2.1 Force Models (Drag, Lift) 

 

1.3 Kinematics 
 1.3.1 frames of reference 
 1.3.2 transformation matrix 
 1.3.3 quaternions 

 

1.4 Rotational Dynamics 
 

 1.4.1 rotational torque 
 

1.5 Example: rigid fibers in (dilute) turbulent channel flow 
 

1.6 Homework 



     The Pointwise Approximation 

 
 
 

 

The simplest approach to deal with non-spherical particles is to 
describe their translation and rotation with a “lumped-variable” 
model 
 
 
 
 
 
 
 
 
 
 
 
 
Basically, our particle is a Lagrangian point moving in a 3d space. 
 

Finite-size effects are neglected. 
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       Recall: Lagrangian Equation 
 

      of Particle Motion  

 
 
 

 

•  Translational dynamics (enough for a spherical particle) 
 
 
 
 
 
 
 
 
 

•  Rotational dynamics (needed for a non-spherical particle) 
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     Modelling Forces for 
 

      Non-Spherical Particles  

 
 
 

 Consider translational dynamics first.   
 

We need force models that account for shape and orientation . 
 

One option is to assume creeping flow conditions. 
 
 
For drag: 
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For an ellipsoid:  

( ) ( )3λrel,3λ2rel,2λ1rel,1fppD fffµd30Reλ, ⋅+⋅+⋅=→ uuuF π

For a spheroid:                          and ||λ1λ ff = ⊥== λ3λ2λ fff

Note 1 - minimum drag shape is obtained: 
•  for a sphere averaging over all orientations 
•  for a prolate spheroid with λ=1.955 for a stationary 

orientation (parallel to the axis of symmetry) 
 
Note 2 – creeping flow conditions hold if: 
 

        and/or if: 
 

       (small slip velocity)       (small particles, 
                 yet not brownian ...) 

0pf@prel,1 ≅−= vuu fp ηd <<

     Modelling Forces for 
 

      Non-Spherical Particles  

 
 
 

 



Following bretherton (1962), brenner (1964, 1965, 1972), and 
Gallily & Cohen (1979):  
 
 
 
 

where      = translational resistance tensor for 
arbitrary-shape particle in arbitrary flow field 
 
By analogy, the shear-induced lift force model is: 
 
 
 
 
 

 
with: 
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     Modelling Forces for 
 

      Non-Spherical Particles  

 
 
 

 



Tensors       and        can be conveniently expressed with respect 
to a frame of reference with: 
 

•  origin at the particle center of mass 

•  axes being the principal axes of the particle 
 
 
The “usual” approach is to consider: 
 
 
1. Inertial Frame X=[x,y,z] 
 
2. Particle Frame X'=[x',y',z'] 
 
3. Co-moving frame X"=[x",y",z"] 

K L

     Modelling Forces for 
 

      Non-Spherical Particles  

 
 
 

 



In the particle frame:  
 
 
 
 
 
 
 
 
 
 

 
              Note: for a sphere the 
               original Saffman 

                    model is recovered 
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     Modelling Forces for 
 

      Non-Spherical Particles  

 
 
 

 



How to go from        to        ? 
 
 
 
where REul = rotation matrix, 
 

obtained from the Euler angles: 
 
•  Nutation: 

•  Precession: 

•  Proper Rotation: 
 
 
 
 
 
 
 
 
 
 
 

 
 

        Rigid Body Kinematics 

 
 
 

 

K'K



Physical interpretation: columns are the “world” space directions that the “body” 
space axes transform to.  
 

Issues: loss of orthonormality (matrix multiplication), gimbal lock (matrix singularity) 

        Rigid Body Kinematics 

 
 
 

 



The rotation matrix can also be written 
in terms of the Euler parameters (aka 
quanternions):  
 
 
 
 
 
 
 
 
 
 
 
 

Note: quanternions do not suffer 
             from gimbal lock problems 

      (but require normalization...) 

        Rigid Body Kinematics 

 
 
 

 



The rotation matrix can be evolved 
in time using the following set of 
odes for the 4 quaternions:  
 
 
 
 
 
 
 
 
that  replace the Euler kinematic equations: 
 
 
 

              
 

Singularities 
may arise!!! 

        Rigid Body Kinematics 

 
 
 

 



In summary, compute the resistance 
tensor in the particle frame as: 
 
 
 
 
Then apply the transformation 
From the particle frame to the  
Inertial frame: 
 
 
 
 
 
 
to get: 
 
 
 

        Rigid Body Kinematics 

 
 
 

 



For the lift force (Harper & Chang,  JFM,1968; Hogg , JFM, 1994): 
 
 
 
 
 
 
Note that: 
 

•  Lift force is non-zero at any non-zero shear rate 

•   SPAZIi.e. the semi-minor axis of an ellipsoid squared 
       therefore lift counts for large particles 

 

•  Derived for unidirectional shear 

•  no wall effects included (only available for spheres) 

•  In general, very little effort done to lift force models for 
 non-spherical particles  
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        Rigid Body Kinematics 

 
 
 

 



  “Final” Equation of 
 

   Translational Motion 
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Start from the 2nd cardinal eq. of dynamics in the particle frame: 
 
 
 
 
 
 
 
 

Note - in the particle frame the inertia tensor is constant: 
 
 
 
 
 
 

 
with: 

      Rotational Dynamics 

 
 
 

 



The hydrodynamic torque acting on the particle wrt the principal 
axes of the particle is computed using jeffery’s formulation: 
 
 
 
 
 
 
 
 
 
 

with parameters (gallily & Cohen, 1979): 

      Rotational Dynamics 

 
 
 

 



The hydrodynamic torques depend on the elements of: 
  

•  rate of strain tensor: 

 

•  rate of rotation tensor: 

computed in the particle frame: 

      Rotational Dynamics 

 
 
 

 



Caveat: How accurate is Jeffery’s formulation? 
 
 
 
 
 
 
 

Channel 
center… 
 
 
 
 
 
 
 
 
Near the 
wall… 

      Rotational Dynamics 

 
 
 

 

Instantaneous velocity gradient along the fiber at varying aspect ratio 
 



Caveat: How accurate is Jeffery’s formulation? 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

      Rotational Dynamics 

 
 
 

 

Instantaneous velocity gradient 
along the fiber at varying aspect 
ratio and inertia.  
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    Complete System of 
 

    Dimensional Equations 

 
 
 

 



     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 Fibers are modelled as non-deformable prolate ellipsoids evolving 
in 3D time-dependent fully-turbulent flow (e.g. Marchioli et al, 2010) 
 

Assume: 
•  Fibers smaller than the smallest flow scale 

 > pointwise 
 > Stokes regime 

•  Dilute flow 
 > no turbulence 
    modulation 
 > no collisions 

 
 
 
 

First: work with non- 
Dimensional equations!     

with                        the shear velocity	
  



      Complete System of 
 

        Non-Dimensional Equations 

 
 
 

 



The physics of the problem is controlled by a small set of 
parameters: 
 

•  Turbulence 
 

   flow Reynolds 
   number 
 
 

•  Fibers 
 
 

   aspect ratio 
   (shape) 

 
   specific density 

 
   response time 
   (inertia) 

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Response time for non-spherical particles: 
 

•  Shapiro & Goldenberg (1993) assumed isotropic particle  
  orientation and used the averaged mobility dyadic (inverse 
  of the translation dyadic) 
 
 
 
 
 

•  Fan & Ahmadi (1995) used the orientation-averaged translation 
  dyadic 
 
 
 

 
In the λ=1 limit (sphere), both reduce to 
 
Ellipsoids also have a rotational response time (equal to 
for sphere) but no expression has been proposed so far. 
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     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Rotational response time for ellipsoidal particles: 
 

•  rotation around z’ in the fiber frame: 
 
 
 
 

•  rotation around x’ or y’ in the fiber frame: 

 

•  assuming isotropic orientation would yield: 

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Possible simulation parameters for a test case calculation: 
 
•  Fluid 

 

•  Particles 
 
 
 
 

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Qualitative results: animation of collective fiber motion at Re=150 

Fiber	
  parameters:	
  St	
  =	
  30,	
  λ	
  =	
  10,	
  a+	
  =	
  0.36	
  

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Qualitative results: front view 

Fiber	
  parameters:	
  St	
  =	
  30,	
  λ	
  =	
  50,	
  a+	
  =	
  0.36	
  

Viscous	
  sublayer	
  

Viscous	
  sublayer	
  

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Qualitative results: side view 

Fiber	
  parameters:	
  St	
  =	
  30,	
  λ	
  =	
  50,	
  a+	
  =	
  0.36	
  

λ λ

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Qualitative results: top view 

Fiber	
  parameters:	
  St	
  =	
  30,	
  λ	
  =	
  50,	
  a+	
  =	
  0.36	
  

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Compare with experimental results 

Fiber	
  parameters:	
  St	
  =	
  30,	
  λ	
  =	
  50,	
  a+	
  =	
  0.36	
  

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



Compare with experimental results 

Fiber	
  parameters:	
  St	
  =	
  30,	
  λ	
  =	
  50,	
  a+	
  =	
  0.36	
  

     Example: Dilute Suspension 
 

of   Rigid fibers in wall turbulence 

 
 
 

 



     Homework: Settling of fibers 
 

in cellular flow field 

 
 
 

 



     Homework: Settling of fibers 
 

in cellular flow field 

 
 
 

 

Sample trajectories and orientation of 
settling spheroidal particles with λ=10 

Average settling velocity of spheroidal 
particles at varying λ vs fall speed v∞ 

Sphere 

λ=10 

λ=0.1 

λ=2 

λ=0.5 



   LESSONS LEARNED 

L1.  A Lagrangian framework for numerical simulation of 
        non-spherical particles dynamics (in dilute flow       
        conditions) has been presented  
 

L2. Equations for particle translation and rotation were 
        derived for particles with arbitrary shape in the Stokes 
        regime (creeping flow) 
 

L3. The resulting lumped-parameter model provides strong   
        mathematical coupling  between Translation and  
        rotation (drag and lift depend on particle orientation) 
 

L4. Particle rotation can be conveniently described using       
        the quaternion formalism 
 

L5. Equations yield accurate results if particles are small 
        (limit on aspect ratio) and/or have small slip velocity 
 

L6. Many modelling issues remain open (force models,     
        force coupling schemes, torque coupling schemes, 
        collisions, …) 
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Thank You 
For Your Kind Attention! 

 
 
 

Any questions? 


