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Motivation

80 % of energy is produced from 
combustion of fossil fuels, and 

consequent production of 
Carbon Dioxide (𝐶𝑂#)

Annual cycle

Global average temperatures rise over the last 
130 years [Hansen, J., et al., Proc. Natl. Acad. 

Sci. (2006)]
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Carbon Sequestration

Carbon Capture and Storage (CCS) has been
identified as a possible solution to the 

greenhouse effect [Intergovernmental panel on 
Climate Change,  (IPCC) 2005] 

Iron fertilization of 
phytoplankton

Chemical
scrubbers

Injection
point
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Air

Water

𝐶𝑂# dissolution mechanisms [Huppert & Nuefeld, Ann. 
Rev. Fluid Mech. (2014)]

Leakage is undesirable
for efficient long-term

storage

Trapping mechanisms

1.2. Trapping mechanisms 5
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Figure 1.2 – Predominant trapping mechanisms (black bars) and their estimated time
scales. Data from Bielinski (2007).

acquifers, and in this work we focused on latter. When carbon dioxide is
sequestered in saline aquifers, several trapping mechanisms may lead to a
secure long-term storage:

• hydrodynamic trapping: as mentioned above, the low-permeability
layer avoids the CO2 from rising upwards. This leads to the storage
mechanism called hydrodynamic or stratigraphic trapping. Note that
the cap-rock should lie horizontally or even form an inclined wall to
ensure that the CO2 cannot escape laterally, and both the configu-
rations can be found in literature. In this configuration, the rising
CO2-current is analysed, and this flow is named gravity currents, be-
cause driven by the buoyancy due to the existing density di↵erence
between CO2 and pure brine.

• residual fluid trapping: migrating in the subsurface, the CO2 plume
leaves a trace of residual saturation, i.e. a certain portion of the pore
is filled with CO2 that no longer moves. Therefore, CO2 that is stored
by residual fluid trapping will stay in the formation for long periods
of time.

• solubility trapping: as the carbon dioxide flows in the subsurface,
it dissolves in the brine which initially fills the pores of the storage
formation. Dissolved CO2 does not flow upwards because of density
di↵erences and it can remain in the formation for very long times.

• mineral trapping: depending on the properties of brine and rock, the
CO2 reacts with the formation and forms minerals. Most of these
geochemical reactions take place slowly within a time frame of decades
or centuries. If minerals have formed and the system CO2-brine-rock

Wide range of space and time scales
to consider
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Darcy law and porous media

Dimensional equations

3.2. Methodology 17

The present chapter is built as follows. In Sec. 3.2 we will describe the
governing equations and the boundary conditions adopted to run the present
numerical simulations. We will consider first the analysis of the two-sided
configuration: since in this configuration the flow reaches a steady state dy-
namic, time averages can be done and can help to identify the main convec-
tion mechanisms in a more convincing way if compared with the one-sided
configuration (Huppert and Neufeld, 2014). Also important, the dissolution
flux of solute in the one-sided cell can be directly computed from the two-
sided model (Hewitt et al., 2013a). In Sec. 3.3 we will discuss the role of the
anisotropic rock permeability on the vertical flux of solute. In particular,
we will show that, compared to the isotropic case, increasing the horizontal
rock permeability leads to a remarkably larger downward flux of solute. A
physical explanation of this result will be also given based on a detailed
examination of the flow topology. In Sec. 3.4 we will use proper orthogo-
nal decomposition to investigate the feasibility of reduced order models at
di↵erent regimes. In Sec. 3.5 we will use our previous results on the two-
sided configuration to introduce and discuss the dynamics of the one-sided
configuration. We generalize the shutdown model presented in literature
(Hewitt et al., 2013a), accounting for the influence of the anisotropic rock
permeability on the overall amount of solute dissolved in time. Finally, in
Sec. 3.6 we will draw conclusions on possible implications of our results on
long-term CO2 storage.

3.2 Methodology

We consider a fluid-saturated porous medium in a two dimensional do-
main, assuming a uniform porosity � and considering di↵erent values of
the vertical (kv) to horizontal (kh) permeability ratio 0.25  �  1. The
value of � < 1 is chosen to be representative of real geological applications
(Ennis-King et al., 2005), i.e. � < 1. The unstable density stratification
(characterized by a top-to-bottom density di↵erence �⇢⇤) drives the solute
in a downward flow which is incompressible and governed by the Darcy’s
law. In a two dimensional domain, being u⇤ and w⇤ the velocities along the
horizontal (x⇤) and the vertical direction (z⇤) respectively, and with p⇤ and
C⇤ the pressure and solute concentration, the balance equations are:

µ

kh
u⇤ = �@p⇤

@x⇤ ,
µ

kv
w⇤ = �@p⇤

@z⇤
� ⇢⇤g (3.1)

@u⇤

@x⇤ +
@w⇤

@z⇤
= 0 (3.2)

where µ is the fluid viscosity and g the acceleration due to gravity. The
superscript ⇤ denotes dimensional variables. For the range of Rayleigh num-
bers considered in the present study, the Oberbeck-Boussinesq hypothesis
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Methodology

Dimensional equations Dimensional variables

𝑢∗, 𝑤∗ = fluid velocity
𝑥∗, 𝑧∗ = coordinates

𝑡∗ 	= time
𝑝∗= pressure

𝜇 = fluid viscosity
𝐷 = diffusivity

𝜌1∗ = CO2+brine density
Δρ = CO2+brine – brine
𝑎 =	eq. of state coeff.

𝑘6, 𝑘7 = permeabilities
Φ = porosity

For geological reservoirs, 𝑹𝒂 ≈ 𝟏𝟎𝟒 − 𝟏𝟎𝟓
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18 3. Influence of anisotropic permeability

can be applied.1 As a consequence, we assume that the fluid density ⇢⇤

is the only solute-dependent property, which can be evaluated in terms of
the concentration of solute C⇤ into the mixture using the linear equation of
state:

⇢⇤ = ⇢⇤s
⇥
1� a(C⇤

s � C⇤)
⇤
, (3.3)

where a is a positive constant coe�cient while C⇤
s and ⇢⇤s are the concen-

tration field and the density value at the top boundary.
Neglecting the e↵ects of dispersion, and indicating with D the solute

di↵usivity, the concentration fulfills the time-dependent advection-di↵usion
equation:

�
@C⇤

@t⇤
+ u⇤ @C

⇤

@x⇤ + w⇤ @C
⇤

@z⇤
= �D

✓
@2C⇤

@x⇤2 +
@2C⇤

@z⇤2

◆
. (3.4)

We assume impenetrable boundaries kept at a fixed solute concentration
(mimicking the presence of a saturated solution near the top boundary and
of pure fluid near the bottom boundary):

w⇤ = 0 , C⇤ = 0 on z⇤ = 0 , (3.5)

w⇤ = 0 , C⇤ = C⇤
s on z⇤ = H⇤ , (3.6)

whereas periodicity is applied along the horizontal direction x⇤.

3.2.1 Dimensionless equations

A relevant velocity scale for the flow is the free-fall buoyancy velocity,
W ⇤ = gkv�⇢⇤/µ. To account for the e↵ect of anisotropy, we use di↵erent
velocity/length scales in the vertical and horizontal directions (through the
introduction of the scaling factor

p
�). In particular, we set:

x =
x⇤

H/
p
�

, z =
z⇤

H
, u =

u⇤

W ⇤/
p
�

, w =
w⇤

W ⇤ (3.7)

p =
p⇤

µW ⇤H⇤/kv
, C =

C⇤ � C⇤
s

C⇤
s

, t =
t⇤

�H⇤/W ⇤ . (3.8)

The governing parameter of the problem is the Rayleigh-Darcy number:

Ra = RaT ·Da =
gH⇤kv�⇢⇤

µ�D
, (3.9)

defined based on the thermal Rayleigh number (RaT = g�⇢⇤H⇤3/µD) and
on the Darcy number (Da = kv/H⇤2). The Rayleigh-Darcy number can

1Landman and Schotting (2007) shown that the Oberbeck-Boussinesq approximation
approximation is valid if Ra /(�⇢⇤/⇢⇤

s

), which is widely verified in the present work.
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50 4. Modelling convection regimes from onset to shutdown

C = 1 , w = 0

z
/
R
a

x/Ra

z

x

@C/@z = 0 , w = 0

Figure 4.1 – Sketch of the computational domain with explicit indication of the
boundary conditions (Eqs. (4.7)-(4.8)) employed. The contour map of the solute
concentration C at a given time instant t is also shown to provide a flow visualization
of the dynamics for the present physical configuration (injection of CO2 from the
upper boundary).

@u

@x
+

@w

@z
= 0, (4.5)

@C

@t
+ u

@C

@x
+ w

@C

@z
= �

@2C

@x2
+

@2C

@z2
, (4.6)

with P = p + z(⇢⇤s/�⇢⇤ � 1) the reduced pressure. Boundary conditions
for the governing equations are as follows: the top wall is an impermeable
boundary characterized by a fixed solute concentration (mimicking the pres-
ence of a saturated solution near the top boundary), whereas the bottom
boundary is an impermeable boundary for both fluid and solute (i.e. no-
flux boundary). Periodicity is applied at the side boundaries (along x). In
dimensionless form, these boundary conditions become:

w = 0 , C = 1 for z = 0 , (4.7)

w = 0 ,
@C

@z
= 0 for z = �Ra . (4.8)

A sketch of the computational domain together with the indication of the
boundary conditions and a contour map of the concentration C at a given
time instant is shown in Fig. 4.1.

The main parameter of the simulation is the Rayleigh-Darcy number,
which is the ratio of di↵usive to convective time scales, defined as

Ra =
gH⇤kv�⇢⇤

µ�D
, (4.9)

where H⇤ represents the domain height. With the proposed scalings, Ra ap-
pears only in the boundary conditions (but not in the governing equations)

Δ𝜌 = 10.45	𝑘𝑔/𝑚I

𝜇 = 5.95×10LM	𝑃𝑎×𝑠
𝐷 = 2×10LQ	𝑚#/𝑠
𝐻 = 20	𝑚
𝜙 = 0.3
𝑘7 = 3×10LU#	𝑚#

𝑅𝑎 ≈ 17×10I

[Data refer to a
depth of 1 km at
the Sleipner Site
(North Sea)]
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Methodology

Dimensionless equations

Numerical details
We realized 2D Direct Numerical Simulations
(DNS) using a pseudo-spectral method (Fourier + 
Chebyshev) up to 8192x1025 collocation points.

Simulations performed on the 
supercomputers MARCONI (Bologna, 

Italia), VSC (Vienna, Austria) and MIRA 
(Chicago, USA) using up to 512 CPUs.
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µ

k
u⇤ = �@p⇤

@x⇤ ,
µ

k
w⇤ = �@p⇤

@z⇤
� ⇢⇤g (6.2)

being p⇤ and ⇢⇤ the pressure and the local density respectively.
Neglecting the e↵ects of dispersion, solute is redistributed by advection

and di↵usion. If we define the solute di↵usivity D, the solute concentration
C⇤ evolves in time (t⇤) according to

�
@C⇤

@t⇤
+ u⇤ @C

⇤

@x⇤ + w⇤ @C
⇤

@z⇤
= �D

✓
@2C⇤

@x⇤2 +
@2C⇤

@z⇤2

◆
. (6.3)

We consider the fluid density as the only physical property that depends on
concentration through the equation of state

⇢⇤ = ⇢⇤s


1� �⇢⇤

⇢⇤sC
⇤
s

�
C⇤

s � C⇤�
�
, (6.4)

being ⇢⇤s the density of the heavy fluid and C⇤
s the corresponding concen-

tration, i.e. the concentration of CO2 into the CO2+brine layer, and �⇢
the density di↵erence between the satured brine and the pure brine.

6.2.1 Dimensionless equations

A relevant reference velocity scale for this flow is the free-fall buoyancy
velocity, which is the vertical velocity of a rising light-fluid parcel surrounded
by heavy fluid, W ⇤ = gk�⇢⇤/µ. We adopt as length scale H⇤, even though
is not the unique reference length possible. In order to compare the evolution
of domains with di↵erent sizes, i.e. di↵erent H⇤, sometimes results useful to
define an alternative length scale (see Chap. 4) that will be also discussed
in Sec. 6.3.3. Finally, variables are made dimensionless as in Chap. 3, with
the exception of the concentration

x =
x⇤

H⇤ , z =
z⇤

H⇤ , u =
u⇤

W ⇤ , w =
w⇤

W ⇤ (6.5)

p =
p⇤

�⇢⇤gH⇤ , C =
C⇤

C⇤
s

, t =
t⇤

�H⇤/W ⇤ . (6.6)

Note that the absence of the superscript ⇤ is used to represent dimensionless
variables. According to Eq. (6.5), the physical domain width L⇤ becomes
dimensionless as L = L⇤/H⇤ and this quantity represents the domain aspect
ratio. In other words, the dimensionless extensions of the domain are H = 1
and L in vertical and horizontal directions respectively.

Using the above scalings, the dimensionless velocity of the solute is de-
scribed by the equations:

u = �@P

@x
, w = �@P

@z
� C, (6.7)
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@u

@x
+

@w

@z
= 0, (6.8)

with P = p+z(⇢⇤s/�⇢⇤�1) the reduced pressure, whereas the concentration
is governed by the following equation:

@C

@t
+ u

@C

@x
+ w

@C

@z
=

1

Ra0

✓
@2C

@x2
+

@2C

@z2

◆
, (6.9)

where appears the main parameter of the simulation, the final (or global)
Rayleigh-Darcy number, defined as

Ra0 =
g�⇢⇤kH⇤

µ�D
, (6.10)

which expresses an inverse di↵usivity (De Paoli et al., 2016) or a dimension-
less layer thickness (De Paoli et al., 2017).

Another key parameters is the mixing length h⇤. It represents the dis-
tance between the rear and the tip of the fingers, the peculiar structures
that dominate the convective phenomena in porous media flows. Few strate-
gies have been adopted in literature to define this parameter, based on local
(De Wit, 2004) (i.e. threshold value) or global (Cabot and Cook, 2006) (i.e.
integral quantities) properties. According to De Wit (2004), we choose to
identify the mixing zone, whose dimensionless extension is h, as the portion
of the domain where " < C(z, t) < 1 � ", with " = 10�2 and being C(z, t)
the horizontally-averaged concentration profile, defined as:

C(z, t) =
1

L

Z L

0

C(x, z, t)dx . (6.11)

We wish to remark that it is useful to define an instantaneous (also called
e↵ective or current) Rayleigh-Darcy number, Ra, defined on the mixing
length h⇤ rather than on the domain height H⇤, which will be extensively
discussed in Sec. 6.3.

Boundary conditions for the governing equations are as follows: both top
and bottom boundaries are impermeable for both fluid and solute (i.e. no-
flux boundary). In dimensionless form, these boundary conditions become:

w = 0 ,
@C

@z
= 0 for z = 0, 1 . (6.12)

Periodicity is applied at the side boundaries (along x).
A sketch of the computational domain, together with a contour map of

the concentration field at a given time instant t̃ and the indication of the
boundary conditions, is shown in Fig. 6.1a). In Fig.6.1b), the boundary
conditions and the interpretation of the mixing length have been reported.
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where appears the main parameter of the simulation, the final (or global)
Rayleigh-Darcy number, defined as
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µ�D
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which expresses an inverse di↵usivity (De Paoli et al., 2016) or a dimension-
less layer thickness (De Paoli et al., 2017).

Another key parameters is the mixing length h⇤. It represents the dis-
tance between the rear and the tip of the fingers, the peculiar structures
that dominate the convective phenomena in porous media flows. Few strate-
gies have been adopted in literature to define this parameter, based on local
(De Wit, 2004) (i.e. threshold value) or global (Cabot and Cook, 2006) (i.e.
integral quantities) properties. According to De Wit (2004), we choose to
identify the mixing zone, whose dimensionless extension is h, as the portion
of the domain where " < C(z, t) < 1 � ", with " = 10�2 and being C(z, t)
the horizontally-averaged concentration profile, defined as:
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We wish to remark that it is useful to define an instantaneous (also called
e↵ective or current) Rayleigh-Darcy number, Ra, defined on the mixing
length h⇤ rather than on the domain height H⇤, which will be extensively
discussed in Sec. 6.3.

Boundary conditions for the governing equations are as follows: both top
and bottom boundaries are impermeable for both fluid and solute (i.e. no-
flux boundary). In dimensionless form, these boundary conditions become:

w = 0 ,
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= 0 for z = 0, 1 . (6.12)

Periodicity is applied at the side boundaries (along x).
A sketch of the computational domain, together with a contour map of

the concentration field at a given time instant t̃ and the indication of the
boundary conditions, is shown in Fig. 6.1a). In Fig.6.1b), the boundary
conditions and the interpretation of the mixing length have been reported.
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Figure 4.1 – Sketch of the computational domain with explicit indication of the
boundary conditions (Eqs. (4.7)-(4.8)) employed. The contour map of the solute
concentration C at a given time instant t is also shown to provide a flow visualization
of the dynamics for the present physical configuration (injection of CO2 from the
upper boundary).
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with P = p + z(⇢⇤s/�⇢⇤ � 1) the reduced pressure. Boundary conditions
for the governing equations are as follows: the top wall is an impermeable
boundary characterized by a fixed solute concentration (mimicking the pres-
ence of a saturated solution near the top boundary), whereas the bottom
boundary is an impermeable boundary for both fluid and solute (i.e. no-
flux boundary). Periodicity is applied at the side boundaries (along x). In
dimensionless form, these boundary conditions become:

w = 0 , C = 1 for z = 0 , (4.7)

w = 0 ,
@C

@z
= 0 for z = �Ra . (4.8)

A sketch of the computational domain together with the indication of the
boundary conditions and a contour map of the concentration C at a given
time instant is shown in Fig. 4.1.

The main parameter of the simulation is the Rayleigh-Darcy number,
which is the ratio of di↵usive to convective time scales, defined as

Ra =
gH⇤kv�⇢⇤

µ�D
, (4.9)

where H⇤ represents the domain height. With the proposed scalings, Ra ap-
pears only in the boundary conditions (but not in the governing equations)
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Within this framework, the solution of Eq. (4.6) yields:
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with the dimensionless solute flux being
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where L is dimensionless domain width. The corresponding amount of solute
dissolved in time, G(t), is given by the integral of the solute flux F (t),
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The profiles of F (t) and G(t) obtained from the present computations are
shown in the two panels of Fig. 4.3 for Ra = 2⇥ 104 and di↵erent values of
� (symbols in Fig. 4.3). The dashed line in Fig. 4.3 indicates the analytical
prediction given by Eq. (4.13). We first consider Fig. 4.3a. For t < 103, we
observe that the behaviour of F (t) is independent of � and follows nicely the
theoretical predictions. Later in time, at t = ton (onset time of convection),
convection is triggered and the profile of F (t) departs from the theoretical
prediction of a pure di↵usive flow. In literature, there are di↵erent expres-
sions to find the value of ton as a function of � (Green and Ennis-King,
2014), essentially because ton depends on the initial conditions prescribed
in the simulations. To predict the value of ton, we follow the expression of
Cheng et al. (2012):

ton = 47.9�0.79 . (4.15)

In the present cases, we obtain ton = 47.9 (� = 1), ton = 38 (� = 3/4) and
ton = 27 (� = 1/2). The departure of F (t) from the purely di↵usive profile
for t > ton is barely visible at the beginning. Well beyond ton, at time
t = td, di↵usion is balanced by convection and the dissolution flux reaches a
minimum. We further remark here that there is a large di↵erence between
ton and td (td is on average two orders of magnitude larger than ton). The
decrease of � (i.e. the increase of the horizontal permeability) reduces the
value of td (and also of ton), indicating that convection is triggered early
when � < 1. In particular, we found td ' 2.2⇥ 103 (� = 1), td ' 1.6⇥ 103

(� = 3/4) and td ' 1.1 ⇥ 103 (� = 1/2). Just after td, the dissolution
flux increases sharply. For this reason td is sometimes taken as a practical
measure of the onset time of convection. From a phenomenological point of
view, after td viscous fingers become visible and start transporting e�ciently
dense solute away from the boundary, so to increase the dissolution flux.
Fingers are at first characterized by negligible lateral movements (see also
the regular and parallel footprint of fingers during the flux growth regime
in Fig. 4.2). Later, fingers increase their length and strength and start
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where the main parameter of the simulation appears, i.e. the final (or global)
Rayleigh-Darcy number, defined as

Ra0 =
g�⇢⇤kH⇤

µ�D
, (6.10)

which expresses an inverse di↵usivity (De Paoli et al., 2016) or a dimension-
less layer thickness (De Paoli et al., 2017).

Another key parameters is the mixing length h⇤. It represents the dis-
tance occurring between the rear and the tip of the fingers, the peculiar
structures that dominate the convective phenomena in porous media flows.
Few strategies have been adopted in literature to define this parameter,
based on local properties (De Wit, 2004), i.e. threshold value, or global
properties (Cabot and Cook, 2006), i.e. integral quantities. According to
De Wit (2004), we choose to identify the mixing zone, whose dimensionless
extension is h, as the portion of the domain where " < C(z, t) < 1� ", with
" = 10�2 and being C(z, t) the horizontally-averaged concentration profile,
defined as:

C(z, t) =
1

L
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0

C(x, z, t)dx . (6.11)

We wish to remark that it is useful to define an instantaneous (also called
e↵ective or current) Rayleigh-Darcy number, Ra, defined on the mixing
length h⇤ rather than on the domain height H⇤, which will be extensively
discussed in Sec. 6.3.

Boundary conditions for the governing equations are as follows: top and
bottom boundaries are impermeable for both fluid and solute (i.e. no-flux
boundary). In dimensionless form, these boundary conditions become:

w = 0 ,
@C

@z
= 0 on z = 0, 1 . (6.12)

Periodicity is applied at the side boundaries (along x).
A sketch of the computational domain, together with a contour map

of the concentration field at a given time instant t̃ and the indication of
the boundary conditions, is shown in Fig. 6.1a. In Fig. 6.1b, the boundary
conditions and the interpretation of the mixing length have been reported.
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We generalized an existing model [Hewitt et al. , JFM, 2013] for the 
prediction of the 𝐶𝑂#	dissolution rate using the new scaling law 
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Figure 4.5 – a) Time behaviour of the solute dissolution flux F(t) for Ra = 2⇥ 104

and � = 1 (���) during the shutdown regime (and including also a small part of the
constant flux regime, t < 4 ⇥ 105). The theoretical prediction given by the model of
De Paoli et al. (2016) is also shown (dashed line, ��). The amount of solute dissolved
in time, G(t) is shown in the inset for � = 1. b) Time behaviour of the normalized
amount of solute (G(�)�G(1))/G(1) dissolved for � = 1/2 and � = 3/4.

the long term limit (t > 20⇥ 105) the solute dissolved depends only on the
available volume but not on � (i.e., limt!1 [G(�)/G(1)� 1] = 0).

From the discussion presented above, it is apparent that most of the
solute dissolution occurs during the constant flux and the shutdown regime
(they cover a large proportion of the dynamics, t > 2⇥104). For this reason,
deriving simple and reliable models of these two regimes based on accurate
small-scales simulations is crucial for the development of numerical tools for
the prediction of the solute dynamics in realistic applications (large scale
reservoirs with non-isotropic permeability). This will be accomplished in
the next section.

4.4 Model definition

In the previous sections we have revisited the available models found in
literature (Hewitt et al., 2013a; Slim, 2014; Green and Ennis-King, 2014;
De Paoli et al., 2016) to descibe the solute dissolution in geological reser-
voirs having non-isotropic rock permeability. To summarize our previous
observations,
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(4.20)

where t1 and t2 represent the time at which the constant flux and the
shutdown regime start, respectively. Although the expression of F (t) is well
defined for the di↵erent regimes, the time instants at which the di↵erent
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profile C(z, t) has a bilinear shape (see Fig. 4.7c). When the solute wavefront
reaches the bottom (t = tb), we have

C(z, tb) =
z + Ra

Ra
C1 . (4.29)

For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,
w, but opposite sign. We also assume that the concentration at the bottom
boundary is fixed and equal to C1 (this is in fair agreement with the results
of the simulations, see the solid line in Fig. 4.7c). From this assumptions,
we find that the position of the kink of the concentration profile (z2(t) in
Fig. 4.7c) moves upward from z2 = �Ra until z2 = 0 as

z2(t) = �Ra �w[t� (1 + ⌘)tb]. (4.30)

Note that ⌘ is a parameter accounting for the redistribution phase of solute
after the first impact of the wavefront on the bottom boundary. For � = 1,
3/4, and 1/2, the parameter ⌘ results to be 0.4, 0.3 and 0.2 respectively. This
reflects the physical intuition that the smaller is � (larger kh, i.e. smaller
horizontal resistance to the flow) the shorter the redistribution phase. Using
the bilinear model, we are able to predict the shutdown time t2 (i.e. the
time the solute wavefront takes to reach the bottom boundary and back to
the top one):

t2 =
(2 + ⌘)Ra

|w| =
(2 + ⌘)C1

0.017
Ra . (4.31)

For the isotropic case (� = 1), we have t2 ' 14.5Ra, in fair agreement with
literature results (Hewitt et al., 2013a; Slim, 2014) (15÷ 16⇥ Ra).

We finally note that the shutdown time predicted by Eq. (4.31) reduces
for reducing �. This is also supported by the present numerical results (see
the di↵erent times at which the profile start decreasing in Fig. 4.4).

4.5 Application to large-scale dynamics

As discussed in Sec. 4.1 and in Chap. 1, several trapping mechanisms, acting
on di↵erent space and time scales, are involved in the CO2 storage process.
MacMinn et al. (2012) investigated the e↵ect of convective dissolution on
the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic
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Figure 6.1 – Panel a) Sketch of the computational domain with explicit indication
of the boundary conditions. The contour map of the solute concentration C(x, z, t)
at a given time instant t = t̃ is also shown to provide a view of the dynamics for the
present physical configuration. Panel b) Horizontally-averaged concentration profile
C(z, t̃) for the same instant t̃ considered on panel a). The instantaneous mixing length
h is represented as the extension of the tip-rear finger region (dashed lines, ��).

6.2.2 Initial condition and code validation

Rayleigh-Taylor convection is usually initialized adopting a step-like concen-
tration profile. According to the current configuration, the initial theoretical
concentration field is:

C(x, z, t = 0) =
1

2


1 + sgn

✓
z � 1

2

◆�
. (6.13)

In order to use a smoother profile to initialize the numerical simulations, we
adopted a perturbed form of:

C0(x, z, t = 0) =
1

2


1 + tanh


�

✓
z � 1

2

◆��
(6.14)

being � = 80. This formulation is su�cient to mimic the step-like concen-
tration described by Eq. (6.13). Several values of � have been tested, with
5  �  300, and no significant changes in the evolution of the system
appeared for � � 80. We decided to initialise the flow with the hyper-
bolic tangent rather than use the classical error function (also adopted in
Chap. 4) in order to compare the results obtained in the present Chapter
with those obtained for the immiscible fluids (Chap. 7). Indeed, in that case
the concentration profile presents a stable solution defined by the function
hyperbolic tangent.
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appeared for � � 80. We decided to initialise the flow with the hyper-
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Chap. 4) in order to compare the results obtained in the present Chapter
with those obtained for the immiscible fluids (Chap. 7). Indeed, in that case
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being p⇤ and ⇢⇤ the pressure and the local density respectively.
Neglecting the e↵ects of dispersion, solute is redistributed by advection

and di↵usion. If we define the solute di↵usivity D, the solute concentration
C⇤ evolves in time (t⇤) according to
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We consider the fluid density as the only physical property that depends on
concentration through the equation of state

⇢⇤ = ⇢⇤s
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�
, (6.4)

being ⇢⇤s the density of the heavy fluid and C⇤
s the corresponding concen-

tration, i.e. the concentration of CO2 into the CO2+brine layer, and �⇢
the density di↵erence between the satured brine and the pure brine.

6.2.1 Dimensionless equations

A relevant reference velocity scale for this flow is the free-fall buoyancy
velocity, which is the vertical velocity of a rising light-fluid parcel surrounded
by heavy fluid, W ⇤ = gk�⇢⇤/µ. We adopt as length scale H⇤, even though
is not the unique reference length possible. In order to compare the evolution
of domains with di↵erent sizes, i.e. di↵erent H⇤, sometimes results useful to
define an alternative length scale (see Chap. 4) that will be also discussed
in Sec. 6.3.3. Finally, variables are made dimensionless as in Chap. 3, with
the exception of the concentration

x =
x⇤

H⇤ , z =
z⇤

H⇤ , u =
u⇤

W ⇤ , w =
w⇤

W ⇤ (6.5)
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�⇢⇤gH⇤ , C =
C⇤

C⇤
s

, t =
t⇤

�H⇤/W ⇤ . (6.6)

Note that the absence of the superscript ⇤ is used to represent dimensionless
variables. According to Eq. (6.5), the physical domain width L⇤ becomes
dimensionless as L = L⇤/H⇤ and this quantity represents the domain aspect
ratio. In other words, the dimensionless extensions of the domain are H = 1
and L in vertical and horizontal directions respectively.

Using the above scalings, the dimensionless velocity of the solute is de-
scribed by the equations:

u = �@P

@x
, w = �@P

@z
� C, (6.7)
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with P = p+z(⇢⇤s/�⇢⇤�1) the reduced pressure, whereas the concentration
is governed by the following equation:

@C

@t
+ u

@C

@x
+ w

@C

@z
=

1

Ra0

✓
@2C

@x2
+

@2C

@z2

◆
, (6.9)

where appears the main parameter of the simulation, the final (or global)
Rayleigh-Darcy number, defined as

Ra0 =
g�⇢⇤kH⇤

µ�D
, (6.10)

which expresses an inverse di↵usivity (De Paoli et al., 2016) or a dimension-
less layer thickness (De Paoli et al., 2017).

Another key parameters is the mixing length h⇤. It represents the dis-
tance between the rear and the tip of the fingers, the peculiar structures
that dominate the convective phenomena in porous media flows. Few strate-
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Figure 6.5 – Snapshots of the concentration field for Ra0 = 12203 and aspect ratio
⇡/2 before the impingement of the fingers on the walls. Instantaneous horizontally-
averaged concentration profiles related to this snapshots are plotted in Figure 6.4a).

the Rayleigh numbers considered (347  Ra0  19953) and several values
of the aspect ratio (⇡/4  L  ⇡/2). For the sake of clarity, we rewrite
the scaling law in terms of h rather than in terms of h ⇥ Ra0. As men-

tioned above, the flow is initially dominated by di↵usion (h ⇠ t1/2 Ra�1/2
0 ).

Later, the mixing length grows with h ⇠ t7/5 Ra2/5
0 and finally according

to t6/5 Ra1/5
0 . The best fit exponents are 0.4806± 0.0176, 1.405± 0.03 and

1.206 ± 0.009 corresponding to di↵usive, intermediate and final scaling re-
spectively. We observe in Fig. 6.6 that among the simulations performed,
only for Ra0 � 4365 the final scaling is sustained. Further investigations
on this high-Ra0 simulations will be presented in Sec. 6.3.3. In spite of the
good agreement of the simulations during the first and the final stages, dur-

𝑅𝑎� = 12023

How does ℎ∗ evolves? What is the 
plume time impingement time?
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figuration and later we quantify the e↵ects of the walls on the dissolution
process.

In Fig. 6.8 some snapshots of the concentration field for Ra0 = 12203 and
L = ⇡/2 are reported, related to several time instants. The corresponding
horizontally-averaged concentration profiles are plotted in Fig. 6.4b). The
flow, initially dominated by di↵usion (Fig. 6.8a), is later driven by buoy-
ancy. After the initial growth and merging regimes, presented in Sec. 6.3.2
(Fig. 6.8b-c), the first finger impinges on the boundary. Then, the core of
the domain is characterized by the presence of time- and space-persistent
fingers (Fig. 6.8d-e). The information of presence of the boundaries prop-
agates across the domain and finally the bulk of the channel is influenced
(Fig. 6.8f-h). The relative position of the fluid has changed, as confirmed
by the averaged profiles in Fig. 6.4b) for t � 4.524. The system is now dom-
inated by di↵usion, and minor changes occur in the topology of the concen-
tration field, indeed no remarkable change is visible in the finger position
(Fig. 6.8f-h). Finally, for very long times (Fig. 6.8i), the di↵usion process
continues and the averaged concentration profile becomes fully linear and
stably stratified. Theoretically, we should obtain C(z, t ! 1) = 1/2, but
due to the slowness of the di↵usion process, we did not obtain it numerically
by the end of the simulation.

Moreover, we are interested in to consider the e�ciency of the dissolu-
tion process. We investigate the bounding e↵ects taking into account two
characteristic features: the time required to the light (heavy) fluid fingers
to reach the top (bottom) boundary and the time required to the system to
dissolve a considerable amount of solute (heavy fluid).

Time required to reach the boundaries: tt The time required to the
light (heavy) fluid fingers to reach the top (bottom) boundary is computed
as a function of the mixing length h. In particular, it has been defined as:

tt : 8t � tt , h(t) � 1� " (6.23)

being " defined in Sec. 6.2.1. The results, reported in Fig. 6.9a), exhibit an
exponential scaling of tt with Ra0. The negative exponent of the correlation
(�0.22) says that by increasing Ra0, tt decreases. These seemingly counter-
intuitive e↵ect could be easily explained by transporting both Ra0 and tt
in the physical space (see Sec. 6.4.1).

Maximum dissolution time: tm An other important parameter eval-
uated is the global amount of solute mixed into the domain. Due to the
solute conservation, the quantity defined by

1

V

Z

V

C(x, z, t)dV =
1

2
(6.24)

is kept constant over the whole domain, being V the domain volume. The
value 1/2 is due to the initial condition adopted. We are interested into

6.4. Conclusions 99

For intermediate times the dimensionless mixing length evolves according

h ⇠ t7/5 Ra2/5
0 . As above mentioned, this regime is strongly influence by

the initial perturbation adopted. However, its corresponding dimensional
form is given by

h⇤ ⇠ (t⇤)7/5
✓
gk�⇢

µ�

◆9/5

D�2/5 = (t⇤)7/5
✓
W ⇤

�

◆9/5

D�2/5 , (6.31)

being W ⇤ the buoyancy velocity, i.e. the velocity scale. Finally, for longer
times, the asymptotic evolution is given by

h⇤ ⇠ (t⇤)6/5
✓
gk�⇢

µ�

◆7/5

D�1/5 = (t⇤)6/5
✓
W ⇤

�

◆7/5

D�1/5 . (6.32)

These scalings provide a general idea of the advancement of the plume tips
in a real geological formation.

Another important parameter is the finger impingement time (tt ⇠
Ra�0.27

0 ). We observed in Chap. 4 that the plume velocity was almost
constant and independent on the domain size, even if it was influenced by
the permeability ratio. In this case we end up with:

t⇤t ⇠
✓
gk�⇢

µ�

◆�1.27

D0.27 (H⇤)0.73 ⇠ (H⇤)0.73 . (6.33)

In other terms, the approximation of constant plume velocity is not valid
anymore. Finally, we found that the maximum dissolution time tm scales as
Ra�0.22

0 . This suggests that the time required to dissolved a certain amount
of CO2 increases less than linearly with the domain size, i.e. t⇤m ⇠ (H⇤)0.78.

6.2. Methodology 83

@C/@z = 0 , w = 0

z

0

1

0 Lx C(z, t̃) 10

a) b)

h

@C/@z = 0 , w = 0

Figure 6.1 – Panel a) Sketch of the computational domain with explicit indication
of the boundary conditions. The contour map of the solute concentration C(x, z, t)
at a given time instant t = t̃ is also shown to provide a view of the dynamics for the
present physical configuration. Panel b) Horizontally-averaged concentration profile
C(z, t̃) for the same instant t̃ considered on panel a). The instantaneous mixing length
h is represented as the extension of the tip-rear finger region (dashed lines, ��).

6.2.2 Initial condition and code validation

Rayleigh-Taylor convection is usually initialized adopting a step-like concen-
tration profile. According to the current configuration, the initial theoretical
concentration field is:

C(x, z, t = 0) =
1

2


1 + sgn

✓
z � 1

2

◆�
. (6.13)

In order to use a smoother profile to initialize the numerical simulations, we
adopted a perturbed form of:

C0(x, z, t = 0) =
1

2


1 + tanh


�

✓
z � 1

2

◆��
(6.14)

being � = 80. This formulation is su�cient to mimic the step-like concen-
tration described by Eq. (6.13). Several values of � have been tested, with
5  �  300, and no significant changes in the evolution of the system
appeared for � � 80. We decided to initialise the flow with the hyper-
bolic tangent rather than use the classical error function (also adopted in
Chap. 4) in order to compare the results obtained in the present Chapter
with those obtained for the immiscible fluids (Chap. 7). Indeed, in that case
the concentration profile presents a stable solution defined by the function
hyperbolic tangent.

Mixing length definition

De Paoli M., Zonta F. and Soldati A., Solutal fuxes scalings in Rayleigh-Taylor convection in 
porous media, Physical Review Fluids (to be submitted).
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� 1�1

a) t = 0.00 b) t = 0.68 c) t = 1.02

d) t = 1.36 e) t = 1.70 f) t = 2.04

g) t = 2.38 h) t = 2.72 i) t = 3.06

Figure 7.4 – Instantaneous concentration fields have been reported at di↵erent in-
stants, before the impingement of the fingers on the walls. This fields are computed
for Bo = 104, Pe = 5 ⇥ 104 and Ch = 5 ⇥ 10�5 (S4 in Tab. 7.1). The aspect ratio
is L = ⇡/4. Instantaneous horizontally-averaged concentration profiles are plotted in
Fig. 7.5.

First, we observe that important flow modifications occur in correspon-
dence of the cutting planes considered. In particular, at half-channel height
(Fig. 7.6a), is clearly visible a change in the plume number. Around t ⇡ 0.75,
the fingers are well defined, and this reflects a sudden increase of the finger
number N . We define this as the onset of convection, occurring at time to.

Then fingers grow towards the walls, and during this elongation-phase no
relevant merging phenomena occur, indeed hni and N are both constant.
Finally the fingers reach the upper wall at the time tt, and a footprint
is registered on the map reported in Fig. 7.6b). Moreover, an additional
information is provided by this map. Indeed the track diameter increases in

𝐵𝑜 = 2×10M, 𝑃𝑒 = 2×10LM, 𝐶ℎ = 5×10L�
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Figure 7.7 – The mixing length h is plotted as a function of time, both rescaled byp
Bo. Two di↵erent regimes are identified: when onset occurs, the interface evolves

initially as h ⇠ t5 Bo

2, then the growth follows the scaling h ⇠ t3/2 Bo.
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Figure 7.8 – The onset time (•, �) and the time required to the fingers to impact
on the horizontal boundaries t

t

(N, M) are plotted as a funtion of the Bond number
(Bo). Filled symbols refer to Ch1 = 5⇥10�5 and Pe1 = 5⇥104, empty symbols refer
to Ch2 = 7.8⇥ 10�5 and Pe2 = 2⇥ 104. These quantities are well approximated by
power laws reported.
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7.7 Conclusions

In this Chapter, Rayleigh-Taylor convection of immiscible fluids in porous
media is analysed. This unstable flow is characterized by complex non-
linear dynamics, which makes predictions on mixing length and interface
deformation hard to obtain.

First, we developed a model based on the di↵use interface approach
(Cahn-Hilliard equation). In this model, the fluids are miscible along the
interface only, whereas far from it the fluids are considered pure.

Then, with the aid of Direct Numerical Simulations, we investigated
the e↵ects of the parameters involved (Bond, Peclet and Cahn number) on
the flow features. We considered a two-dimensional Hele-Shaw cell, which
mimics the flow in an isotropic and homogeneous porous layer. Finally, we
investigated the e↵ects of the domain size on the evolution of the flow in
terms of mixing length and impingement time of the fingers.

The numerical discretization adopted (Fourier-Chebyshev) allowed the
investigation of the e↵ect of impermeable walls on finger dynamics. These
results, not achievable with the classical periodic discretization (Fourier-
Fourier), given a clear indication of the mixing process in presence of bound-
aries.

Finally, additional information are provided by the analysis of the flow
structures. The finger number is investigated and a regime classification,
motivated by the modifications of the flow topology, is provided.

7.7.1 Comparison with miscible fluids

In this Chapter, fluids miscibility is limited along the interface. We derived
some scaling laws in order to describe the evolution of the onset time to,
of the impingement time tt and of the mixing length h, with respect to the
most physically-relevant parameter, the Bond number Bo. It is interest-
ing to compare these results with the corresponding miscible counterparts,
presented in Chap. 6.

We found that the impingement and onset times are associated to neg-
ative exponents of Bo. However, this does not imply that increasing the
Bond number, i.e. increasing the domain height, corresponds to a decrease
of the physical onset (impingement) time. Indeed, to get the physical time
t⇤, we need to multiply t by H⇤/W ⇤ (see Sec. 7.3). In dimensional terms,
the physical onset and impingement times scale with H⇤ as:

t⇤o ⇠ (H⇤)0.24 , t⇤t ⇠ (H⇤)0.72 . (7.40)

The impingement time exhibits an excellent correspondence with the mis-
cible case. Indeed, the scaling presented in Eq. (7.40) is closely related to
the one obtained for miscible fluids (tt ⇠ (H⇤)0.73). Thus, in the range
of parameters investigated, structures involved in the Rayleigh-Taylor flow
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For intermediate times the dimensionless mixing length evolves according

h ⇠ t7/5 Ra2/5
0 . As above mentioned, this regime is strongly influence by

the initial perturbation adopted. However, its corresponding dimensional
form is given by

h⇤ ⇠ (t⇤)7/5
✓
gk�⇢

µ�

◆9/5

D�2/5 = (t⇤)7/5
✓
W ⇤

�

◆9/5

D�2/5 , (6.31)

being W ⇤ the buoyancy velocity, i.e. the velocity scale. Finally, for longer
times, the asymptotic evolution is given by

h⇤ ⇠ (t⇤)6/5
✓
gk�⇢

µ�

◆7/5

D�1/5 = (t⇤)6/5
✓
W ⇤

�

◆7/5

D�1/5 . (6.32)

These scalings provide a general idea of the advancement of the plume tips
in a real geological formation.

Another important parameter is the finger impingement time (tt ⇠
Ra�0.27

0 ). We observed in Chap. 4 that the plume velocity was almost
constant and independent on the domain size, even if it was influenced by
the permeability ratio. In this case we end up with:

t⇤t ⇠
✓
gk�⇢

µ�

◆�1.27

D0.27 (H⇤)0.73 ⇠ (H⇤)0.73 . (6.33)

In other terms, the approximation of constant plume velocity is not valid
anymore. Finally, we found that the maximum dissolution time tm scales as
Ra�0.22

0 . This suggests that the time required to dissolved a certain amount
of CO2 increases less than linearly with the domain size, i.e. t⇤m ⇠ (H⇤)0.78.
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domain boundaries until the finger reach the walls. Thus, we assume that
for a given pair of Ch and Pe, the evolution of the flow should be the same
until the first finger impinges on the upper/lower boundary.

The mixing length is the parameter that provides a clear indication of
the evolution of the system in this terms. According to the above mentioned
scaling, we plot the evolution of h⇥p

Bo in time for all the simulations S1-
S9 considered, and the results are shown in Fig. 7.7. First, we observe
that upon this scaling, the agreement among the simulations is excellent.
Moreover, this behaviour reflects the fact that the for the range of Ch and
Pe considered, the influence of these parameters is limited. Indeed, the
di↵erence between S1-S5 (Pe = 5 ⇥ 104 and Ch = 5 ⇥ 10�5) compared to
S6-S9 (Pe = 2⇥ 104 and Ch = 7.8⇥ 10�5) is negligible.

Furthermore, we observed that the evolution of the system can be es-
sentially divided in two distinct regimes:

• after the onset, the rescaled mixing length evolves according to h ⇠
(t
p
Bo)5. In other terms, rewriting the scaling law for the mixing

length, we get
h ⇠ t5 Bo2 . (7.37)

• later, the mixing length grows as

h ⇠ t3/2 Bo1/4 . (7.38)

During this stage, each single simulation departs form the asymptotic
behaviour as soon as it reaches the wall (i.e. h = 1), indeed the
horizontal lines in Fig. 7.7 correspond to the values

p
Bo.

We also observe that with the exception of S5 and S9, which depart from
overall trend, all the simulations exhibit a nice agreement during the whole
evolution. The reason why the behaviour of S5 and S9 slightly di↵ers from
the others is unclear.

Finally, two more quantitative parameters in which we are interested in,
are the onset time (to) and the time required to the fingers to reach the walls
(tt), both introduced in Sec. 7.6.1 and reported as a function of the Bond
number in Fig. 7.8. The onset time is defined as the time required to the
mixing length to be greater then h0 + ✏, being h0 the initial mixing length,
derived from Eq. (7.29), and ✏ = 10�2. Similarly, tt is the time required to
the mixing length to become grater than 1� ✏.

Once again, we observe in Fig. 7.8 that range of Pe and Ch considered
does not exhibits important changes in terms of onset and impingements.
Indeed, at low Bond number (Bo = 103 and Bo = 2 ⇥ 103) both to and tt
coincide for the values of Ch and Pe considered. Furthermore, the agree-
ment in kept for higher Bo, and the data are well fitted by the correlations:

to ⇠ Bo�0.38 , tt ⇠ Bo�0.19 . (7.39)
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Conclusions

o Phenomenological model for the shutdown time in 
porous media

o Analytical model for the dissolution flux during the 
shutdown regime in anisotropic porous media

o Equivalence of system having the 
same local Rayleigh number 𝑅𝑎

o Plume dynamics is controlled by 
buoyancy and not by miscibility
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Figure 6.6 – Evolution in time of the mixing length h for di↵erent values of the
global Rayleigh number Ra0. All the simulations (symbols, �) have been performed
with L = ⇡/2 with the exception of Ra0 = 19953, computed with L = ⇡/4. The
mixing length averaged over all the simulations is also reported (red, solid line) as well
as the scalings (black, solid lines). The theoretical evolution t1/2 is nicely followed
by all the simulations during their initial-di↵usive stage. The intermediate regime
is characterized by an exponential behaviour (7/5) as well as the final regime (6/5),
where the slope slightly decreases.

ing the intermediate regime the mixing lengths slightly di↵er, even though

the numerical fit provided by t7/5 Ra2/5
0 is still good and recognisable. The

finger number and distribution during this stage is a↵ected by the initial
perturbation. All these simulations have been performed on di↵erent grids,
and in order to obtain identical curves for h, i.e. same number and position
of the fingers, the same grid (or at least the same perturbation interpo-
lated on each grid) should be adopted. This e↵ect does not a↵ect the initial
di↵usive stage (when fingers are absent) and the final stage, occurring for
high-Ra0 (when the finger number is large). Further considerations on the
importance of the scalings obtained above will be discussed in Sec. 6.4.1.

Nusselt number The Nusselt number, rescaled according to Eq. (6.22),
is plotted in Fig. 6.7 as a function of the local Rayleigh number Ra. Simula-
tions reported have been computed for di↵erent aspect ratios ⇡/4  L  2⇡
and di↵erent Rayleigh numbers 347  Ra0  19953, and adopting this
revisited scaling, all the curves collapse. As visible in Fig. 6.3c), after fin-
gers impingement on the walls, Nu suddenly reduces. In Fig. 6.7, we re-
moved the diminishing part in each simulation. In other terms, each curve
ends when the first finger impinges on the walls, i.e. when h � (1 � ") or
Ra � (1 � ")Ra0, being " = 10�2 introduced in Sec. 6.2.1. The evolution
can be divided in two distinct parts: initial stage (where the Nu increases
rapidly, Nu ⇥Ra0 ⇠ Ra11) and final stage (where Nu scales almost linearly,
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profile C(z, t) has a bilinear shape (see Fig. 4.7c). When the solute wavefront
reaches the bottom (t = tb), we have

C(z, tb) =
z + Ra

Ra
C1 . (4.29)

For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,
w, but opposite sign. We also assume that the concentration at the bottom
boundary is fixed and equal to C1 (this is in fair agreement with the results
of the simulations, see the solid line in Fig. 4.7c). From this assumptions,
we find that the position of the kink of the concentration profile (z2(t) in
Fig. 4.7c) moves upward from z2 = �Ra until z2 = 0 as

z2(t) = �Ra �w[t� (1 + ⌘)tb]. (4.30)

Note that ⌘ is a parameter accounting for the redistribution phase of solute
after the first impact of the wavefront on the bottom boundary. For � = 1,
3/4, and 1/2, the parameter ⌘ results to be 0.4, 0.3 and 0.2 respectively. This
reflects the physical intuition that the smaller is � (larger kh, i.e. smaller
horizontal resistance to the flow) the shorter the redistribution phase. Using
the bilinear model, we are able to predict the shutdown time t2 (i.e. the
time the solute wavefront takes to reach the bottom boundary and back to
the top one):

t2 =
(2 + ⌘)Ra

|w| =
(2 + ⌘)C1

0.017
Ra . (4.31)

For the isotropic case (� = 1), we have t2 ' 14.5Ra, in fair agreement with
literature results (Hewitt et al., 2013a; Slim, 2014) (15÷ 16⇥ Ra).

We finally note that the shutdown time predicted by Eq. (4.31) reduces
for reducing �. This is also supported by the present numerical results (see
the di↵erent times at which the profile start decreasing in Fig. 4.4).

4.5 Application to large-scale dynamics

As discussed in Sec. 4.1 and in Chap. 1, several trapping mechanisms, acting
on di↵erent space and time scales, are involved in the CO2 storage process.
MacMinn et al. (2012) investigated the e↵ect of convective dissolution on
the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic
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According to the Nusselt number definition adopted for the one-sided do-
main (see Appendix 3.A), we finally obtain the evolution in time of the
solute concentration:

d#(t)

dt
=

Nu(t)

Ra0
|#(t)| . (3.34)

To resolve Eq. (3.34) we need an estimate for Nu(t) in case of anisotropic
porous media. This is accomplished here using our previous predictions
(correlation (3.15)) with the modified Rayleigh number Ra = 4Ra0 (to
switch from the one-sided to the two-sided cell).

By imposing the initial condition #(t0 = 0) = �1, we obtain the dynamic
behaviour of the mean concentration profile:

#(t) =
�

4Ra0 �n↵


1�

✓
1 +

�

4Ra0 �n↵

◆
exp

✓
�

Ra0
t

◆��1

. (3.35)

Upon definition of " = �/(4Ra0 �n↵), we have

#(t) = "
h
1� �

1 + "
�
exp

�
4↵�n"t

�i�1

. (3.36)

In the limit of large Ra, " ! 0 and we finally get the following expression for
the dynamic behaviour of the mean concentration profile and of the vertical
flux as a function of the permeability ratio �:

#(�, t) ⇡ �1

1 + 4↵�nt
, (3.37)

F (�, t) ⇡ 4↵�n Ra0h
1 + 4↵�nt

i2 . (3.38)

Note that, for Ra = 104, the di↵erence between the prediction given by
Eq. (3.36) and by Eq. (3.37) is always below 1% of the maximum value of
#(t), which makes the approximation " ! 0 reasonable for solute convection
in real-scale reservoirs.

The behaviour of F (�, t) for the di↵erent values of � considered in this
study is shown in Fig. 3.16a. At the beginning, F (�, t) is larger for smaller
�, indicating that the vertical flux of solute increases for decreasing �. At
later stages, we observe a crossover between the di↵erent curves occurring
at t = t̃. By matching the value of F (�, t) for two di↵erent values of �
(here indicated by �1 and �2) we obtain the value of the crossover time
t̃ = (�1�2)�n/2/4↵, which falls in the range t̃ = [30; 35] and is only slightly
sensitive to the value of �.

From the knowledge of the instantaneous solute flux F (�, t) we can ex-
plicitly compute, for a given �, the total amount of solute F(�, t) dissolved
in the entire domain during the shutdown regime:

F(�, t) =
4↵�nt

1 + 4↵�nt
Ra0 . (3.39)
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Figure 4.9 – Modelling of buoyant current with convective dissolution. Panel a) The
system is initialized with buoyant fluid (⇢⇤

c

, µ
c

) and ambient fluid (⇢⇤
w

, µ
w

). Panel
b) System without dissolution (pure buoyancy). Panel c) The e↵ect of the dissolution
is included. Panel d) The dense fluid current (⇢⇤

m

, µ
m

) interacts with the buoyant
one and modifies the evolution of the system (i.e. modifies the lifetime of the buoyant
current).

model with dissolution in anisotropic porous medium becomes:

@h⇤

@t⇤
�W ⇤ @

@x⇤


(1� f)h⇤ @h

⇤

@x⇤

�
= �q⇤m

�
, (4.34)

and a schematic representation in provided in Fig. 4.9c.
Finally, a further extension consists into account for the influence of

the satured fluid (CO2+brine mixture), with properties ⇢⇤m and µm, on the
dissolution process of the buoyant fluid (Fig. 4.9d). In this case, we consider
two currents, and we indicate the height of the second current with h⇤

m. We
introduce the volume fraction of the buoyant fluid dissolved in the dense
fluid Xv = ⇢⇤mXm/⇢⇤c , being Xm the mass fraction. Furthermore, we define
the mobility ratio for the dense fluid Mm = µw/µm and the buoyancy
velocity ratio �

� =
W ⇤

m

W ⇤ =
(⇢⇤m � ⇢⇤w)gkv/�µm

(⇢⇤w � ⇢⇤c)gkv/�µc
. (4.35)
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m

, µ
m

) interacts with the buoyant
one and modifies the evolution of the system (i.e. modifies the lifetime of the buoyant
current).

model with dissolution in anisotropic porous medium becomes:

@h⇤

@t⇤
�W ⇤ @

@x⇤


(1� f)h⇤ @h

⇤

@x⇤

�
= �q⇤m

�
, (4.34)

and a schematic representation in provided in Fig. 4.9c.
Finally, a further extension consists into account for the influence of

the satured fluid (CO2+brine mixture), with properties ⇢⇤m and µm, on the
dissolution process of the buoyant fluid (Fig. 4.9d). In this case, we consider
two currents, and we indicate the height of the second current with h⇤

m. We
introduce the volume fraction of the buoyant fluid dissolved in the dense
fluid Xv = ⇢⇤mXm/⇢⇤c , being Xm the mass fraction. Furthermore, we define
the mobility ratio for the dense fluid Mm = µw/µm and the buoyancy
velocity ratio �

� =
W ⇤

m

W ⇤ =
(⇢⇤m � ⇢⇤w)gkv/�µm

(⇢⇤w � ⇢⇤c)gkv/�µc
. (4.35)
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Equations

The models is described by the following equations

Solve numerically the 
equations in MatLab (or 

FORTRAN, C, C++, ecc.) 
using a finite difference

method
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Using as dimensionless variables

x =
x⇤

L⇤ , h =
h⇤

H⇤ , hm =
h⇤
m

H⇤ (4.36)

t =
t⇤

(L⇤)2 /(W ⇤H⇤)
, "0 =

q⇤m
�W ⇤

✓
L⇤

H⇤

◆2

(4.37)

the equations of the model become1 finally:

@h

@t
� @

@x


(1� f)h

@h

@x
� �fhm

@hm

@x

�
= �" (4.38)

@hm

@t
� @

@x


�(1� fm)hm

@hm

@x
� fmh

@h

@x

�
=

"

Xv
(4.39)

f =
Mh

(M � 1)h+ (Mm � 1)hm + 1
(4.40)

fm =
Mmhm

(M � 1)h+ (Mm � 1)hm + 1
(4.41)

where the dissolution rate " is defined as follows:

"(x) =

(
0 , if h(x) = 0 or (h+ hm)(x) = 1

"0 , else
. (4.42)

The adoption of such a conditional definition, allows us to neglect dissolution
where the currents are in touch (h(x)+hm(x) = 1) and where the light fluid
is absent (i.e. h(x) = 0).

4.5.2 Implications for geological CO2 sequestration

The two-current model described by Eqs. (4.38)-(4.41) is sensitive to the
domain properties and to the fluids properties. In this section, we study
two di↵erent injection scenarios characterized by di↵erent volumes of CO2

injected, but keeping constant all the other properties, except for the per-
meability ration �. We consider four scenarios and we analyse possible im-
plications for long terms storage arising from anisotropy in the permeability
field.

Domain properties We consider an aquifer in the Sleipner formation
(North Sea), whose parameters are available in literature. For instance,
Bickle et al. (2007) suggest that the “Layer 8” in the Sleipner site is char-
acterized by H⇤ = 20 m, � = 0.300 and kv = 4 ⇥ 10�12 m2. Moreover,
we consider two di↵erent values for the permeability ratio: �1 = 1 and
�2 = 1/4.

1For a detailed derivation of the equations, see MacMinn et al. (2011).
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Simulation vs experiments


